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ABSTRACT: Our recent construction arXiv:0903.3966 for the fuzzy 2-sphere in terms of
bifundamentals, discovered in the context of the ABJM model, is shown to be explicitly
equivalent to the usual (adjoint) fuzzy sphere construction. The matrices G that define it
play the role of fuzzy Killing spinors on the 2-sphere, out of which all spherical harmonics
are constructed. Starting from the quadratic fluctuation action around these solutions in
the mass-deformed ABJM theory, we recover a supersymmetric D4-brane action wrapping
a 2-sphere, including fermions. We obtain both the usual D4 action with an unusual z-
dependence on the sphere, as well as a twisted version in terms of the usual z-dependence,
and contrast our result with the Maldacena-Nifez case of a D5 wrapping an S?. The
twisted and unwisted fields are related by the same matrix G©.
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1 Introduction

The construction of worldvolume theories potentially capturing the dynamics of multi-
ple M2-branes have recently received much attention. Motivated in part by the proposed
BPS equation for M2 M5 systems of Basu-Harvey [1] (corresponding to a ‘fuzzy funnel’)
and the work of Schwarz [2], Bagger-Lambert and independently Gustavsson (BLG) [3-6]
proposed a maximally (A = 8) supersymmetric theory in 2+1 dimensions based on a gen-
eral 3-algebra. It was subsequently proved that for positive definite 3-algebra metric, the
only possibility is the four-dimensional 3-algebra or Ay-theory [7, 8], which was reformu-
lated by Van Raamsdonk in terms of a conventional Chern-Simons (CS) field theory with
gauge group SU(2)x x SU(2)_y and bifundamental matter fields [9]. Using the novel Higgs
mechanism of [10]!' it was initially conjectured that this theory describes 2 M2-branes on
some exotic orbifold of M-theory [12, 13]. Subsequently, and also following developments
in supersymmetric 2+1d CS theories [14, 15|, Aharony, Bergman, Jafferis and Maldacena
(ABJM) [16] concretely realised the above ideas in the form of a U(N)yx x U(N)_y Chern-
Simons gauge theory with bifundamentals as the low-energy limit for the theory of N
M2-branes living on a C* /Zj, transverse space, with the trade-off of reducing the super-
symmetry from N = 8 to N' = 6. In the case of CS level k = 1,2 the supersymmetry is
expected to get enhanced back to A/ = 8 and this has been recently confirmed explicitly
with the use of monopole operators [17-19]. The implications of the ABJM model in the
context of AdS,/CFTj3 generated great interest, that however we will not review here. The
theory was extended to an U(N) x U(M) gauge group in [20, 21]. Based on the maximally
supersymmetric massive deformation of BLG defined in [5, 21, 22], a maximally supersym-
metric massive deformation of ABJM was given in [23] by Gomis, Rodriguez-Gémez, Van
Raamsdonk and Verlinde (GRVV), the ground state of which is a fuzzy sphere solution
expected to describe a configuration of M2-branes blowing up into spherical M5-branes
through the Myers effect [24]. At k = 1 these solutions should have a dual description in
terms of the 2-BPS M-theory geometries with flux found in [25, 26].

The original motivation for the latter developments, i.e. the hope of explicitly describ-
ing a BPS fuzzy 3-funnel for M2 1 M5 systems in the pure (undeformed) ABJM theory, or
the fuzzy 3-sphere for M2-Mb bound states in the case of the massive deformation, turned
out to be unfounded. Indeed, in [27] it was shown that, at least in perturbation theory
where the ABJM coupling A = % is small, the particular gauge theory solution for N > 2
(and thus also in the classical, large-N limit) ‘deconstructs’ a fuzzy 2-sphere instead of a
fuzzy 3-sphere.? This is a natural expectation, as these configurations were found to sport
only an SU(2) symmetry, to be contrasted with the SO(4)-covariant fuzzy 3-sphere con-
struction of Guralnik-Ramgoolam [28-30]. Furthermore, the bosonic part of the action for
small fluctuations was also found to be consistent with a fuzzy 2-sphere. Only when N = 2,
the case of the ‘fuzziest’ (most quantum) sphere, corresponding to the .44, BLG model, is
the SO(4) symmetry manifest and thus the solution could be interpreted as a (very fuzzy)
3-sphere. Unfortunately, no classical limit is possible in that example, as N is fixed.

!See also [11] for earlier work.
2Note that this means that at finite & > N > 2, only nonperturbative effects could turn the fuzzy
2-sphere into a fuzzy 3-sphere, and it is difficult to see how that can happen.



The above results are obtained at finite N, k. For the classical (large-N) limit, the
brane interpretation, as given in [27], is that in perturbation theory one is forced by the
classical (large-IV) limit to also consider k large. Then, one descends from M-theory down
to type ITA, as the M5 wrapping an S® modded out by the Z;, action of the C*/7Z;, target
space is reduced to a D4 wrapping an S?; this is realised as the S'/Z;, — S3/Z;, L 82 Hopf
fibration, with the S* fibre shrinking k times, and hence to zero in the & — oo limit. Note
in the £ = 1,2 case it should be possible to take the classical large N limit in a different
way so that a 3-sphere does emerge, but this would be a construction for solutions carrying
nonperturbative charges, like e.g. the ones studied recently in [31], which we currently lack
the tools to analyse. Conceivably, the presence of the monopole operators, which enhance
supersymmetry from N = 6 to A/ = 8, could also enhance the fuzzy sphere symmetry to
SO(4). For k > 2 and fixed however, it is hard to see how nonperturbative effects could
change the symmetry of the fuzzy sphere.

The fuzzy 2-sphere construction that appears in the above systems, as the (fuzzy) base
of the Hopf fibration, is an interesting new model emerging out of bifundamental instead
of the usual adjoint matrices. It should have wider applicability, in the context of general
quiver gauge theories with bifundamental matter that admit fuzzy sphere solutions, as can
also be seen in [32].

In this work we continue the study of this bifundamental fuzzy 2-sphere realisation and
its role in the ABJM model. We first set out to understand if this construction, based on
the ‘GRVV algebra’,? is indeed equivalent to the usual one in terms of the SU(2) algebra.
We will find that there is indeed a one-to-one correspondence between the representations
of the SU(2) algebra J; and the representations in terms of bifundamental matrices G*
satisfying the matrix equation of [23]. We will then relate this statement to the fact that
the fuzzy supersphere of [35] is equivalent to the usual bosonic fuzzy sphere. In [27], the
relation between the matrices satisfying the GRVV algebra, and the matrix coordinates
J;i satisfying the SU(2) algebra, was the quantum (discretised) equivalent of the first Hopf
map. Starting from this point we propose that the objects G* defined on the fuzzy 2-sphere
should be thought of as fuzzy versions of the Killing spinors on S2.

Another issue that we wish to explore is the realisation of (twisted) supersymmetry in
the context of the (fuzzy) 2-sphere as a solution to ABJM. In [27] we obtained the large-N
action for small bosonic fluctuations on the 2-sphere. Here we complete the calculation by
presenting the fermionic part of the fluctuation action, while obtaining some interesting
subtleties. For the bosonic action, twisting the fields on the 2-sphere was a choice, and it
was argued that the bosonic scalars transverse to the sphere should be related to 2-sphere
twisted-spinors. However, the issue of twisting is tied in with the issue of supersymmetry.
In this work we find that if one does not twist the fields on the sphere the action possesses
a peculiar kind of x-dependence and supersymmetry, but if one twists the fields the x-
dependence and supersymmetry are easy to understand. An interesting difference related

3The same defining matrix equation for the fuzzy sphere appears while looking for BPS/ground state
solutions in the pure/mass-deformed ABJM theory. We will refer to it as the GRVV algebra throughout
the rest of this paper. This equation first appeared as a BPS condition in [33], while its relation to the
M2-M5 system was also investigated in [34].



to supersymmetry, that was not evident while studying the bosonic part of the fluctuation
action, emerges between the fermionic pieces of the fuzzy sphere and the fuzzy funnel
configurations. We also contrast our results with the previously analysed case of [36], for
the ‘deconstruction’ of a Maldacena-Nifiez-type twisted compactification on S? from the
Polchinski-Strassler (A = 1*) 3+1d gauge theory [37].

The rest of this paper is organised as follows. In section 2, we review the fuzzy S?
construction in terms of bifundamental matrices, as described in [27]. In section 3, we
prove the equivalence of this and the adjoint constructions in terms of the SU(2) algebra,
and discuss its implications for the fuzzy supersphere. In section 4, we identify the GRVV
matrices as fuzzy versions of Killing spinors on S2. In section 5, we proceed to find the
supersymmetric D4-brane action for small fluctuations, both without and with a twisting
of the fields on the sphere. We then compare with the deconstruction of the Maldacena-
Nufiez-type twisted compactification on S?, as well as with the fuzzy funnel configuration.
In section 6 we conclude with a discussion, while in the appendices we provide useful
identities and conventions.

2 Review of fuzzy S? construction from ABJM

We start by reviewing the fuzzy S? construction obtained in [27] by studying the ground
state solution of the maximally supersymmetric massive deformation of the ABJM model
as given in [23]. Similarly, one can obtain the BPS fuzzy funnel for the pure ABJM model
in terms of the above solution, through the replacement of the mass deformation parameter
L with 2_157 where s is an M2 worldvolume coordinate along which the funnel grows into the
M5. Although we have so far found no differences between the fuzzy sphere and fuzzy funnel
solutions in the bosonic sector, we will see in section 5 that the actions for fluctuations
diverge in their fermionic part. This is as expected, since the funnel preserves half the
amount of supersymmetry compared to the sphere.

Looking for ground-state/ %—BPS solutions in the mass-deformed/pure ABJM theory
leads to a simple set of solutions with RY = fG%, Q% = 0, where C! = (R*, Q%) form the
4 complex scalars of the ABJM model. Here f = g—’; for the sphere and f = ﬁ for the
2-funnel. With the replacement R* = fG“, both the fuzzy sphere solution of the mass
deformed theory and the fuzzy funnel solution of pure ABJM give the same equation for
G. We will take this as the defining equation (‘algebra’) for this bifundamental fuzzy S
construction, analogous to the SU(2) algebra relations for the usual fuzzy 2-sphere in terms
of adjoint matrices.

This BPS/ground state matrix equation for G is

-G =GGlGr - GoGlGP . (2.1)
It is solved by the irreducible matrix representation G* = G of [23],

<é1)mn = V=1 6



<é2)mn = \/m 5m+1,n

)

(61) = vVm=Ténn
<é§)m’n = V(N = 1) Snsim . (2.2)

Since the G*’s transform in the bifundamental of the U(N) x U(N) gauge group of ABJM,
they are N x N matrices. Equivalently, the Gl’s are N x N matrices. Defining the U(2)
symmetry generators J%g = GO‘GTB and jaﬁ = GLa? , one can extract the usual SU(2)
components by considering

(0%
Ji = (6:)°4GLGP = (6:)° 3T = (005" Ta” . (2.3)
We note that the J; act on an N-dimensional vector space, which is an irreducible rep-
resentation of SU(2) and we call V', while J; act on an N-dimensional vector space
V~ =V, _;®V;, which is a reducible representation of SU(2), as the sum of an (N — 1)-
and a 1-dimensional representation with an element Ejp, acting on |e] ) [27].
One easily finds that the G, as well as all bifundamental fields, transform under the
combined action
JiGY = GV = (6:)* 4G . (2.4)
As a result, a single, diagonal SU(2) subgroup survives as a symmetry of the system.

Ji - J;
L and r; = ——=—— play the role of
N2-1 Y /N-12

the same Euclidean coordinate on the 2-sphere. Then the defining relation (2.3) becomes

In the classical limit (N — o0), z; =

T =T; = gl[ (6:)“ s g%. If g* are classical limits of general solutions of (2.1), satisfying only
go‘gl[ = 1, then the relation is the usual first Hopf map S® 5 S2, from the 3-sphere go‘gl[ =1
onto the 2-sphere x;x; = 1. However, since in (2.2) one has Gl = C;”{, the irreducible GRVV
matrices actually encode three real degrees of freedom, appropriate for an S?, as opposed
to the four needed for an S3. This is in agreement with the expectation from the SU(2)
symmetry structure. We will revisit this statement in greater detail in section 3.

The S? picture can also be verified by a small fluctuation analysis around the fuzzy
sphere vacuum. In the classical limit, .JJ; and J; give not only symmetry operators, but
also classical coordinates, while their adjoint action acts like a derivation on the (fuzzy)
2-sphere

[i,.] = —2iei a0, = —20K80, , (2.5)
with K@ a set of Killing vectors on S?, the precise definitions for which can be found in
appendix A.

The scalar matrix fluctuations on the fuzzy 2-sphere, r* = R* — fG“, decompose as

Y = rG® 4 s%5G° + T
Saﬁ = %Sz(a'l)aﬁ 5 (26)
where T have only nonzero elements (7%);n, (1T%)n;. Using the standard map between
matrix-valued fields on the fuzzy sphere and functions on S 2, we obtain in the classical limit

si=K'Ag+xip; T*—0



(5i)a5 3 (2r + ¢)
2 G"+ 2

where now A, is a gauge field on S2. We note that one scalar degree of freedom, (2r — ¢)

r* = KA,

Ge | (2.7)

does not appear in the final action, as it has been ‘eaten up’ by the 24+1d gauge fields
through a large-N version of the Higgs mechanism present for CS-matter theories [10].*
The Higgsing procedure, which renders the diagonal subgroup of the two Chern-Simons

gauge fields A,(f) dynamical, starts with the redefinition

A, =1 (A<1> +A<2>)

i i
B, =1 (Af}) - Aff)) : (2.8)

after which A, becomes a U(1) Maxwell field on the 2-sphere, while B, is auxiliary and
can be integrated out. The final action for the bosonic fluctuations once again reveals the
52 structure, in terms of the bosonic part of an abelian 44+1d YM theory wrapped on the
sphere [27].

3 Equivalence of fuzzy sphere constructions and relation to fuzzy super-
sphere

We now proceed to prove that the definition of the fuzzy 2-sphere in terms of bifundamentals
is equivalent to the usual definition in terms of adjoint representations of the SU(2) algebra
and that it implies the triviality of the fuzzy supersphere, in a way that we explain.

The matrix equation of motion for the fuzzy sphere background (2.1), can be rewritten
using the U(2) generators as

~G*=GJ3 " — JGP (3.1)

and is invariant under an U(N) x U(N) gauge symmetry. This symmetry was used by [23]
to fix the irreducible G* matrices that solve the above G® equation to the form given in
the previous section, which in particular has G! = CT{

In the ABJM Lagrangean the bifundamental scalars were interpreted as Matrix Theory
versions of Kuclidean coordinates. Similarly, in the large N-limit one can write the matrices
G* — V/Ng®, with ¢ for the moment as some commuting classical objects, to be identified
and better understood in due course. In that limit the coordinates

T = (@)aggﬁg&
z; = (64)*599° (3.2)

are two versions of the same Euclidean coordinate on the 2-sphere, x; ~ Z;.
Note that in the above construction the 2-sphere coordinates x;,z; in eq. (3.2) are
invariant under multiplication of the classical objects g¢ by a U(1) phase, thus we can

define objects §* modulo such a phase, i.e. ¢ = g The GRVV matrices G* are

fuzzy versions of representatives of §¢, chosen such that §' = ngr (one could of course have

chosen a different representative for §* such that §2 = g; instead).

4See also [11] for earlier work.



It is in terms of the ¢g“’s that one has the usual Hopf map structure from the 3-sphere
g“ gl[ = 1 onto the 2-sphere z;x; = 1. In this picture, the phase is simply the coordinate on
the U(1) fibre of the Hopf fibration, while the §*’s are coordinates on the S? base. While
g% are complex coordinates acted upon by SU(2), the g% are real objects acted upon by
the spinor representation of SO(2), so they can be thought of as Lorentz spinors in two
dimensions, i.e. spinors on the 2-sphere. This will become very important in section 4.

The fuzzy version of the full Hopf map, J; = (6;)“ BGﬁGL, can be given either using

G* = UG™ or G* = G®U. The U and U are unitary matrices that can themselves be
expanded in terms of fuzzy spherical harmonics

U=> UmYim(J) (3.3)
Ilm
with UUT = 00Ut =1, implying that in the large-N limit ( U, U) — ele@),
That means that by extracting a unitary matrix from the left or the right of G, i.e.
modulo a unitary matrix, the resulting algebra for G2,

_G° = GPGLGe - GRGlGP, (3.4)

that we will call the GRV'V algebra, should then be exactly equivalent to the usual SU(2)
algebra that appears in the adjoint construction: both should give the same description of
the fuzzy 2-sphere. We would next like to prove this equivalence for all possible represen-
tations.

3.1 Representations

We first note that the irreducible representations of the algebra (3.4), given in [23] by the
matrices (2.2), indeed give the most general irreducible representations of SU(2). Defining
Jy =J1 *iks, Jx = J; i, we obtain from (2.2) that

(J)mm—1 =2/ (m—=1)(N —m+1) =2y, nu
2 2
(J—)n—l,n = 2\/(77, — 1)(N —-n+ 1) = 2@& n_N+1

2 2

and

(J+)mm71 = 2\/(m—2)(N —m + 1) = 204%,771—%

(J*)nq,n =2/(n-2)(N-n+1)= 261%’”_%
(j3)mn =2 (m - ?) 5mn + N5m15n1 3 (36)

whereas the general spin-j representation of SU(2) is

(JJr)m,mfl = Ojm
(J—)n—l,n = Qjn



(and the rest zero), where

ajm =/ (j+m)(j —m+1) (3.8)

and m € —j,...,+j takes 2j 4+ 1 values. We note that the representation for J; is indeed
the most general N = 2j + 1 dimensional representation, and since (j+)11 = (j—)u =
(jg)u = 0, the representation for J; is also the most general (N — 1) = 2(j — %) +1
dimensional representation.

However, we additionally have the U(1) generators completing the U(2) symmetry,
which in the case of the irreducible GRVV matrices G* are diagonal and give the fuzzy
sphere constraint GoGl 1, GLG™ 1,

J=JY+ % =(N—-1)bm (3.9)

J = j11+j22 = Ndpn — Nom16n1 , (3.10)

where again (J)1; = 0, since J; is in a N — 1 x N — 1 dimensional representation: The

element F11 = 0,,10,1 18 a special operator, so the first element of the vector space on
which it acts is also special, i.e. VT =V, , ® V] .

For a reducible representation of SU(2), the Casimir operator J? = J,J; giving the

fuzzy sphere constraint is diagonal, with blocks proportional to the identity. The analogous

object that gives the fuzzy sphere constraint in our construction is the operator J = GO‘GL.

Indeed, in the case of reducible matrices modulo unitary transformations, G%, we find (in
the same way as for J2 = J;J; for the SU(2) algebra)

J = dl&g((Nl — 1) 11N1><N17 (N2 — 1) 11N2><N27 e ) (311)
and similarly for J = GlLGe
J = diag (N1 <1 - Eﬁ)> Ty, vy No (1 - EQ) Ty, - ) . (3.12)

3.2 GRVYV algebra — SU(2) algebra

For this direction of the implementation one does not need to consider the possible repre-
sentations of the algebra; the matrices G* will be kept as arbitrary solutions. We define

as before, but now for an arbitrary solution G¢,

Ji(G:)% 5+ JO3
GGl = = % . (3.13)

We additionally impose that GoGl, = J commutes with Jg.
Multiplying (2.1) from the right by (5;9)7@Gi,, one obtains

— Jp = GﬁGLJk — Jagl]ﬁy(&k)’ya . (3.14)

Using the definition in (3.13) for the J“3 factors and the condition [J, J;] = 0, one arrives at
{

— Jk = §€ijk<]j!]k s (3.15)

which is just the SU(2) algebra.



It is also possible to define

Ji(5:)P + Jo8

agh=7,"°
[e% — Y 2

(3.16)

and impose the condition [J, J;] = 0. By multiplying (2.1) from the left by (5k)7any, we
get in a similar way

—Jp = %Ez]kajk . (3.17)

Thus the general SU(2) algebras for J; and J; indeed follow immediately from (2.1)
without restricting to the irreducible GRVV matrices.

3.3 SU(2) algebra — GRVYV algebra

This direction of the implementation is a priori more problematic since, as we have already
seen, the representations of J; and J; are not independent. For the irreducible case in
particular, V]\Jf is replaced by the representation Vy_; © V|, so now we need to define this
identification in the general case.

We will first try to understand the classical limit. The Hopf fibration (3.2) can be
rewritten, together with the normalisation condition, as

ok 1 ~ \& «
9 93 = ) [Cﬂi(az‘) gt 56} : (3.18)

By extracting a phase out of g%, we should obtain the variables §* on S? instead of
53. Indeed, the above equations can be solved for ¢® by

1 i 1 .
gCV = 92 = 76 + x3 = 62¢>§a R (319)
g 2(1 + x3) \ 21 — 122

where € is an arbitrary phase.
In the fuzzy case G* and G; do not commute, and there are two different kinds of
equations corresponding to .J; and J;,

Goalh = [Ji(zfi)aﬁ +5gJ]

ahae = [ji(&i)“ﬁ +5gj] . (3.20)

DN DO | =

We also impose as before that [J,J;] = 0, [J,J,] = 0, so that J and J are diagonal and
proportional to the identity in the irreducible components of J;.

One solves the first set of equations in (3.20) by considering GlGJ{ = %(J + J3), for
which the most general solution is G; = TU, with T" a Hermitian and U a unitary matrix.
Since J + Js is a real and diagonal, by defining

1 1/2
T=— <J + J3> , (3.21)
one obtains
o G* J+J3 \T7! o
G :<G2>:<J1—1'32>TUNXN:G UnxN - (3.22)



Thus G is also completely determined by J;, .J.
Similarly, the second set of equations in (3.20) can be solved by considering GJ{Gl =
% (j + jg), for which the most general solution is G = UT, where as before

- 1 /. _\1/2
T=— <J + J3> , (3.23)
to obtain )
G* ~ Tt J+ J3 S
G* = =Unynv—| = S | =UG*. 3.24

Thus G* is completely determined by J;, J.
Comparing the two formulae for G* we see that they are compatible if and only if

U=TUT™' and J—id=T2U"'T7Y(J,—il)T7 U, (3.25)

where U is an arbitrary unitary matrix. These equations define an identification between
the two representations of SU(2), in terms of J; and J;, needed in order to establish the
equivalence with the GRVV matrices.

In terms of explicit representations: for the irreducible representations of SU(2), we de-
fine J; from J; as before (VJ —Vy_ @V )and J = (N—1)Inxn, J = N(1—E11) Ingn.
For reducible representations of SU(2), J; can be split such that J3 is block-diagonal, with
various irreps added on the diagonal. One must then take J and J of the form in (3.11)
and (3.12).

Then the condition (3.25) is solved by U = 1 and J;, Ja block diagonal, with the blocks
being the irreps of dimensions Ny, Na, N3, ..., and the J;, Jo being also block diagonal, but
where each Nj x Ny irrep block is replaced with the (Vg — 1) x (Vg — 1) irrep block, plus
an Eﬁ), just as for the GRVV matrices.

3.4 Fuzzy superalgebra

It is easy to see that the matrices G* and J; can be neatly packaged into supermatrices
which form a representation of the orthosymplectic Lie superalgebra OSp(1|2), and thus
form supersymmetric partners. The supermatrix is nothing but the embedding of the
N x N matrices into U(2N). The adjoint fields live in the ‘even subspace’, while the

bifundamentals in the ‘odd subspace’. For a generic supermatrix

AB
M:<CD> (3.26)

At Ot
t_
M= (-BT DT) (3.27)

For Hermitian supermatrices this is
A B
X = ) 3.28
() (329

the superadjoint operation is

,10,



with A = AT and D = DT [38]. This gives the definition of the supermatrices

J; 0 0 VNG,
J; = - d J, = 3 , 2
(o Ji> an (—\/NGL 0 ) (3.29)

where we raise and lower indices as éa = eaﬁéﬁ, with € = id9 = —iog. Then the SU(2)
algebra together with the relation (2.4) and the definition of .J;, J; result in the following

(anti)commutation relations

[Ji,J]’] = 2i€iijk
. — (5. B
[JuJa] = (0'22045'] o
{Ja,Jﬁ} = _(Ui)aBJi = —(20'20'2‘)0{5.]2‘ s (3.30)

which is the defining superalgebra OSp(1|2) for the fuzzy supersphere of [35].5

The emergence of the fuzzy supersphere might be a bit of a surprise here, since we
have just shown that the GRVV and adjoint matrix constructions are actually equivalent.
On the other hand, it is known that the only irreducible representations of OSp(1]2) split
into the spin-j plus the spin-(j — %) representations of SU(2), which correspond precisely
to the irreducible representation for the G that we are considering here.9

As a result, the most general representations of the fuzzy superalgebra coincide with
the most general representations of the G* themselves, which as we showed are completely
equivalent to the representations of SU(2). In other words, the statement is that the fuzzy
supersphere is trivial, and contains the same information as the bosonic fuzzy sphere.

3.5 N x M representations and the ABJ model

An interesting related question is whether one gains anything qualitatively new by going to
the U(N) x U(M) CS-matter theories of the Aharony-Bergman-Jafferis (ABJ) model [20].”
This is a natural extension to consider since the BPS/ground state matrix equation for the
N x M matrices is again given by (2.1).

By defining the N x N matrix J%g = CNJO‘C?E and the M x M matrix J, P G*Léﬁ, with
J; = Jo‘ﬁ(&i)ﬁa, Ji = jff(&i)aﬁ, one might think that we could have J; being an irreducible
N x N representation and .J; an irreducible M x M representation of SU(2). However, that
would in turn mean that there is both an N x N matrix

JY = GG = (m— )6, 3.31
1

and an M x M matrix
S =GIG = (m = 1)bm - (3.32)

If an N x M matrix G!, with elements @, that satisfied both relations existed then

N M
Z Amitn; = (M — 1)0mn and also Z ajmGjn = (M — 1)0pmy, - (3.33)
i=1 j=1

This observation has also been made in [32].

6See for instance appendix C of [38]. The general spin-j is the J; representation constructed from the
GRVYV matrices, while the general spin j — % is the J; representation constructed from the GRVV matrices.

"These gauge theories were initially considered in [21].
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This would imply (if, say N < M) that there exist M linearly independent vectors of
M > N components, which is not possible.

Another related observation is that if such a G exists, again for N < M, it would be
possible to reduce M x M irreps in terms of N x M ones. It can indeed be checked that
the maximal irreducible representation is

Genr = (QJanNme(M—N)) ; (3.34)

i.e. the usual N x N irrep. However, if M = r N+p with 7, p integers, then the representation
1

Nxa = NG <g?{1)N><N’ e ’g(ar)NxN‘Opr> (3.35)

is also a solution, if g)nxn is the N x N solution. This gives

Jaﬁ = (jaﬁ)NxN

(3.36)

i.e. the J; representation is the N x N representation and J; representation is made of 7
copies of the (N —1) x (N — 1) representation embedded in N x N, plus zeroes for the rest.
This also is nothing but another kind of reducible representation that one could consider.
Therefore, nothing new is obtained by considering N x M matrices and the ABJ model.
This is in agreement with expectations from the spacetime interpretation of fuzzy
sphere solutions in mass-deformed ABJ theories. In the undeformed ABJ case, one has
(say for M > N) N M2-branes probing the Zj singularity of M-theory and |M — N|
fractional M2-branes, corresponding to M5-branes wrapping a collapsed S®/Z;, [20]. While
the N M2’s are free to move, the | M — N| fractional M2’s are forced to remain at the orbifold
fixed point. In the mass-deformed case this would mean that the N moving M2’s can puff
up into a fuzzy sphere configuration with the remaining fractional M2’s stuck at the origin.
In the gauge theory this is reflected by the fact that one only has solutions by giving vevs
at most to an N x N block inside NV x M. This is precisely what we have found above.

4 Fuzzy Hopf fibration & fuzzy Killing spinors

In this section we want to interpret the classical objects g, obtained in the large-N limit
of G2, as Killing spinors on the 2-sphere and generalise this construction to higher dimen-
sional cases.

We have seen that the in the classical limit, the relation between J; and G% becomes
the first Hopf map (3.2), and hence can be thought of as a fuzzy version of the same.
However, the above Hopf relation is invariant under multiplication by an arbitrary phase
corresponding to shifts on the S! fibre, so the objects §* obtained by extracting that phase
in (3.19), i.e.

~a _ 1 1+ 23 (41)
T = ol F ) \ w1 —iza | '

- 12 —



are instead defined on the classical S2. In the Hopf fibration, the index of ¢ is a spinor
index of the global SO(3) symmetry for the 2-sphere. By extracting the S' phase one
recovers the real g% and the a can be thought of as describing a (Majorana) spinor of the
SO(2) local Lorentz invariance on the 2-sphere. We will argue that the latter is related to
a Killing spinor. Note that this type of identification easily extends to all even spheres.
In the fuzzy version of this relation, the G obtained from G® by extracting a unitary
matrix, are real objects defined on the fuzzy S? through the GRVV matrices, in the case

é:<J+J3>T—1 (4.2)

of irreducible representations, or

J1 —iJs 2

in general.

The standard interpretation, inherited from the examples of the SU(2) fuzzy 2-sphere
and other spaces, is that the matrix indices give rise to the dependence on the sphere coordi-
nates and the index « is a global symmetry index. However, we have just seen that already
in the classical picture one can identify the global symmetry spinor index with the local
Lorentz spinor index. Therefore we argue that the correct interpretation of the classical
limit for G is as a spinor with both global and local Lorentz indices, i.e. the Killing spinors
on the sphere n®!. In the following but we will use the index « interchangeably for the two.

For comparison with the Killing spinors, we write for the classical limit of the J;-G®
relation as

4.1 Killing spinors on S™ and the special case of 5>

Let us review some of the key facts about Killing spinors that we will need for our discussion.
For more details, we refer the interested reader to e.g. [39-43].
On a general sphere S™, one has Killing spinors satisfying

D,n(x) = i%m'yun(m) ) (4.4)

where by calculating [D,,, D, ] we obtain the normalisation of the curvature as
R mn __ 2 m,n __ ,n,m 4.5
' =m (e“el, eﬂey) . (4.5)

There are two kinds of Killing spinors, 7 and 7, which in even dimensions are related by
the chirality matrix, i.e. 7,1, through n* = 7,197, as can be easily checked. The charge
conjugation matrix in n dimensions satisfies in general

CT =kC; v =ACy,C7", (4.6)

where kK = £, \ = £ and it is used to raise/lower indices. The Majorana condition is then
given by
7=nlC. (4.7)
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The Killing spinors on S™ satisfy orthogonality, completeness and a reality condition.
The latter depends on the application, sometimes taken to be the modified Majorana con-
dition, which mixes (or identifies) the local Lorentz spinor index with the global symmetry
spinor index of S™. For instance, on S* the orthogonality and completeness are respectively,

iy’ =0 and i) =—63 (4.8)

where the index I is an index in a spinorial representation of the SO(n + 1)g invariance
group of the sphere and the index « is an index in a spinorial representation of the SO(n)y,
local Lorentz group on the sphere. The indices are then identified by the modified Majorana
spinor condition as follows®

7 =) c™ = - () 0, (4.9)

where Q7 = joy ® 1n is the invariant tensor of Sp(%), satisfying QO i = 6L

The Euclidean coordinates of S™ are bilinear in the Killing spinors

zi = (T i ymsn” (4.10)

where 7 are of a single kind (+ or -), or equivalently ﬁin{ . For even n-spheres, we obtain
the special case that the two spinor indices o and I are of the same type, and we can write

nfz{mp(gﬂ%v)} 21(0) (4.11)
B

where 7% (0) = €* a constant spinor.

Starting from Killing spinors on S™, one can construct all the higher spherical har-
monics. As seen in eq. (4.10), Euclidean coordinates on the sphere are spinor bilinears.
In turn, symmetric traceless products of the x;’s construct the scalar spherical harmonics
Yk (7;).% One can also construct the set of spinorial spherical harmonics by acting with an
appropriate operator on Y*n!

skt = [(k+n_ 1+i1D) yk] e
260 = [(k+n—1+iD) Y¥| o = [(k+1+iB) Y™ ny (4.12)

Note that in the above the derivatives act only on the scalar harmonics Y*.

Any spinor on the sphere can be expanded in terms of spinorial spherical harmonics,
v=>5, pZF*. Consistency imposes that the =% can only be commuting spinors. The
Killing spinors are then themselves commuting spinors, as they are used to construct the
spinorial spherical harmonics.

For higher harmonics the construction extends in a similar way but the formulae are
more complicated and, as we will not need them for our discussion, we will not present
them here. The interested reader can consult e.g. [45].

8For more details on Majorana spinors and charge conjugation matrices see [39, 44] and the appendix
of [43].
9These are the higher dimensional extensions of the usual spherical harmonics Y™ (z;) for 2.
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Killing spinors on S? For the particular case of the S?, 7; = I'; = o; for both the
SO(2)1, and the SO(3)¢ Clifford algebras. Then the two C-matrices can be chosen to be:
Cy = —oq, giving Kk = A = +, and C_ = ioy = ¢, giving Kk = A = —. Note that with
these conventions one has C_vy3 = iog03 = —o1 = C4. In the following we will choose the
Majorana condition to be defined with respect to C_.

Eq. (4.10) then gives for n = 2

_ 1 1
7' = (") C-=zi=(0:); (n") Cyyan’ . (4.13)
The orthonormality and completeness conditions for the Killing spinors on S? are
Al — IJ

7n and ng _‘é = —03, (4.14)

while the modified Majorana condition is

f _ T
(77‘]) =17 = €1y (nl) C_. (4.15)
Since C_ = €, by making both indices explicit and by renaming the index I as & for later
use, one also has
ad\f B8 4.16
(77 ) = Naa = eaﬁedﬁn : ( . )

Using this condition, we rewrite (4.13) as

z; = (o) (UI)TV?)??J = (&), (\/ZDJr??I)T <\/§P+77J> ; (4.17)

where Py = 2(1£+3). Now comparing (4.13) with (4.3) one is led to the following natural
large-N relation, G — V2N P.n!, provided the spinor indices o and I get identified, i.e.

éa
=~ =gl =2P 4.18
N G =g ! (4.18)

Note that the Weyl projection kills the omitted a spinor index on n!. We will investigate
the above expression more thoroughly in the next subsection, where we will also see that
there is one more subtlety related to this identification.

Finally, the spinorial spherical harmonics on S? are

S =11+ 1+iD) Vi) ne (4.19)

—Ilm

and thus the spherical harmonic expansion of an S2-fermion is (writing explicitly the sphere

fermionic index «)

Z Vi Z5% = Z [Yim,+ (1 + 1+ D)) Ylm]aﬁﬁi : (4.20)

Im,+ Im,+
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4.2 Relation between spinors on the 2-sphere

On the 2-sphere, one defines the Killing vectors K{ such that the adjoint action of the
SU(2) generators on the fuzzy sphere fields becomes a derivation in the large-N limit!®

[Ji ] — Qinaa = 2ieijkmj6k . (4.21)
One can then explicitly check that
a(~ \o am mg—1) & _ ag—-1\ B
K{(6:)" 5 = —e"(So™S™1) ;7 = —(ST°57) 7, (4.22)
where e®” is the vielbein on the sphere and

—sin2e%/2 _jcos g ei/2 )
)

S S(@)S( ) a (COS g e—l¢/2 —isin g e—l¢/2 ( 3)

with |a|? = 1 is a unitary matrix. The matrices

—ipi9/2 o
S(9) = <e—?¢/2 " > 5(9)=a2<C0*‘29 “”22), (4.24)

0 —ising Cos3

with a = ajas,|a1|? = |az|?> = 1 are rotation matrices, since a Lorentz rotation on spinors
acts by
AP Y = SyHSTL (4.25)

One can also impose the following (symplectic) reality condition on S
cap(571) 7 = (87)," = 8%, (4.26)
which fixes a = \/5* and ensures that
(So:571). 7 = (SausY)” (4.27)

since by explicit evaluation one can show that (0;)%5 = (0:)s “. Then it is also possible to
check that

(SF3571)O{5 = —xi(@)aﬁ

(STaS™)% 5 = —hap K7 (5:)%5 - (4.28)

The matrix S*g can additionally be used to go between spherical and Euclidean spinors
on S2. Because of the reality condition (4.26), if one also has real spinors obeying

(xaa)| = x°% = eBedby o (4.29)

which was identified in (4.16) as the modified Majorana spinor condition, it follows that
the S*g-rotated spinors are themselves real, namely they obey

((ca)a) = (570" = = (57) gy = e (x58) - (430)

10The precise expressions for the Killing vectors K¢ can be found in appendix A.
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Next define

a 1 1\a 1 o
' = (571) gnéﬁ = E(s Y gem = ESIJG 7, (4.31)

where in the last equality we used the (symplectic) reality condition on S. From (4.30) it
is clear that the n/® obey the modified Majorana condition, as was also required for Killing
spinors. It is then possible to use (4.28) to prove that

z; = (v) i ysn? (4.32)

hence verifying that the n/® are indeed Killing spinors. One can also explicitly check that

_ ? _1\B
Do (8747 4¢™) = +5(Ta)5(57)7 (4.33)
which in turn means that 1
E(S—l)o‘ gt =gt (4.34)

According to the relation (4.18), the object to be matched against g% is then
VaP! = (Py)° (8717 el = (P)* 58T 5P = 8T 5(PL)Y (e (4.35)

Thus, the Weyl projection can be thought of as ‘removing’ either a or I, since only one of
the two spinor components is non-zero.

In order to further check this proposed identification at large-IN we now calculate
{ I ~
0u (VEPi") = =5 (STuS™)' ) (VEP") + T (V2P (4.36)
where Ty = 0 and T¢ = %COSH and
(928) S~! = —%sras—l + ST,S! (4.37)

by explicitly evaluation, with Ty = 0 and T}, = —% cos 6 3.
This needs to be compared with the analogous result given in eq. (4.48) of [27] from the
classical limit of the adjoint action of J; on G, i.e. from [, éa], where it was found that
- i ~\a ~
aaga = §habK2‘b(0’i)a596

1 _ -
—5(STa8 N9 (4.38)
In the second line we made use of the identity (4.28). In [27] it was also verified that the

above could reproduce the correct answer for d,x;, which can be rewritten as

7 N _1\B _ - N

Outi = =53l |(3)°5(STaS™)" = (STuS ™) (5)7, | 57 - (4.39)
Note that even though there is a difference between (4.36) and (4.38), given by the
purely imaginary term 7T, that is proportional to the identity, the two answers for 9,x;
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exactly agree, since in that case the extra contribution cancels. This extra term is a
reflection of a double ambiguity: On one hand there is the extra index a on 5!, which
can be acted upon by matrices, even though it is Weyl-projected, in effect multiplying the
Weyl-projected n! by a complex number; if the complex number is a phase, it will not
change any expressions where the extra index is contracted, thus we have an ambiguity
against multiplication by a phase. On the other, g% is just a representative of the reduction
of g® by an arbitrary phase, so it is itself only defined up to a phase. The net effect is that
the identification of the objects in (4.36) and (4.38) is only up to a phase. Indeed, locally,
near ¢ ~ 0, one could write '

Gez?eos? o \ap, ! (4.40)

but it is not possible to get an explicit expression for the phase over the whole sphere.

4.3 Generalisations

On a general S?" some elements of the above analysis carry through. That is because even
though it is possible to write for every S2"

4 =7 (A 15v2ms1m” (4.41)

where n! are the Killing spinors, one only has fuzzy versions of the quaternionic and
octonionic Hopf maps to match it against. We will next find and interpret the latter in
terms of Killing spinors on the corresponding spheres.

4.3.1 s¢

The second Hopf map, S7 5 S4, is related to the quaternionic algebra. Expressing the S7
in terms of complex coordinates g%, now with @ = 1,...,4, one has the sphere constraint
have g%gh = 1 (gagjx =1= x424 =1; A=1,...,5). The map in this case is (see for
instance [46])

24 = 9" (Ta)* g9l (4.42)

with (I'4)%4 the 4 x 4 SO(5) gamma matrices.!’ Here we have identified the spinor index
I of SO(5) with the Lorentz spinor index a of SO(4).

The g%’s start off as complex coordinates, being acted upon by SU(4), but projecting
down to the base of the Hopf fibration we can replace g% in the above formula with real
g%’s, instead acted upon by the spinorial representation of SO(4), i.e. by spinors on the
4-sphere. This process is analogous to what we saw for the case of the 2-sphere. Once
again, it is possible to identify §* with the Killing spinors, this time on S*.

This suggest that one should also be able to write a spinorial version of the fuzzy
4-sphere for some bifundamental matrices G2, satisfying

Ja = GP(Ta)* 4Gl
Ja = GL(T4)*3G" (4.43)

" These are constructed as: o; and o3 where 1 is replaced by lax2 and o2 where ¢ is replaced by
t01,102,103.
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where Jy4, .J4 should also play the role of SO(5) generators, that is they should satisfy
JaG® — Gy = (Ta)*3G" . (4.44)
This in turn implies the same GRVV algebra as for the S? case
G = GRGLEP — PG (4.45)

but now with G® being 4 complex matrices that describe a fuzzy 4-sphere. We leave the
investigation of this interesting possibility for future work.

4.3.2 S8

The third Hopf map, S'> 5 S8, is related to the octonionic algebra. The S'° is expressed
now by the real objects gL g% = 1, @ = 1,...,16 that can be split into two groups (1,...,8

and 9,...,16). The Hopf map is expressed by [47] (gL go =1 = za24 = 1)
T4 = ga(Ta)*gg (4.46)

where (I 4)®? are the SO(9) gamma-matrices.!? Similarly for the case of the S* above, even
though g®’s start off as being 16-dimensional variables acted by the spinor representation
of SO(9), one can project down to the base of the Hopf fibration and replace the g®’s with
real 8-dimensional objects on the 8-sphere g¢. Then the g*’s are identified with the Killing
spinors of S8.

This once again suggests that one should be able to write a spinorial version of the
fuzzy 8-sphere for some bifundamental matrices G satisfying

Ja = GL(T )Gy, (4.47)
where J 4, J4 are SO(9) generators
JAGQ — éajA = (FA)aﬁég (4.48)

and implies the same GRVV algebra, but with the G*’s now being 16 dimensional real
matrices that describe the fuzzy 8-sphere.

. - 0 X
12The gamma-matrices are constructed similarly to the S* case as follows: I'; = ( A\ 0>7 I's =
—Ai

< 0 ]18><8>7 T'o = <]18X8 0 ), i.e. from o2 with A; replacing ¢, and from o1 and o3 with 1 replaced
TIsxs O 0 —1lsxs

by lsxs. The \; satisfy {\;, \i} = —26;; (similarly to the io; in the case of S*) and are constructed from
the structure constants of the algebra of the octonions [47]. An explicit inversion of the Hopf map is given
by ga = [(1 +x9)/2]1/2ua fora=1,...,8 and go = [2(1 + 589)]71/2(£ES — ZiAi)Ua—s for  =9,...,16, with
Uqa a real 8-component SO(8) spinor satisfying u®us = 1 thus parametrising the S7 fibre.
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4.3.3 Cp3
The first Hopf map, S3 5 S2, can also be generalised to the S” = CP? case, and thus the

extension to the fuzzy level would imply generalising the fuzzy Killing spinors on §% ~ CP!
to fuzzy Killing spinors on CP3. For that, we first notice that the S = S2 map is better un-
derstood as S% 5> CP! [48]. Indeed, the S® coordinates Z% (7' = X' +iX?, 7% = X3+iX?)
obey >, 1Z%? = 1, a relation invariant under multiplication by a phase, Z% — e¥¥Z,
which is precisely the U(1) fibre of the Hopf fibration. This can be seen as follows: The
stereographically projected coordinates on the S? are

r1tizy  X'4+iX?  Z!

W— _ _Z 4.49
1—xz5 X34+iX1 727 (4.49)

which are obviously invariant under Z¢ — €**Z%. But they are also invariant under the
more general condition Z% — AZ%, with A\ an arbitrary complex number, which means
that (4.49) is really a map between CP! and S2. Thus for the Hopf map one really first
maps the S in Euclidean coordinates Z¢ to the CP! with the same coordinates (now
identified with any complex \), which is a linear relation, obtained just by an equivalence

{Z“|Z|Za|2:1} —{Z%~ AZ%\ e C —{0}} . (4.50)

Then the quadratic relation (3.2) (with ¢* — Z¢) or the rational stereographic rela-
tion (4.49) can be thought of as a map between CP! and S?, or between SU(2)-invariant
coordinates Z% and SO(3)-invariant coordinates x;, by means of the matrices (5;) 5.

This implies a natural embedding for the S7 = CP3 Hopf map. Indeed, in the classical
case S7 is similarly defined by Z¢, with i = 1,...,4 and Z?:l |Z¥? = 1, and then the
CP3 ~ S7/Z|k—oo is just obtained by the identification Z? ~ A\Z?. The restriction to
83 ¢ 87 is obtained by Z! — (Z',Z?) = Z%, and similarly for CP' ¢ CP3.

One can then construct the S7 as a Hopf fibration S* — S7 5 CP? in terms of a
quadratic relation, by using the complex 4 x 4 matrices ¥, that take us between Euclidean
coordinates Z¢ on the S and local (unconstrained) coordinates Xp; on CP3

Xy = (Su),22] . (4.51)
The (Xar)i5 are Clebsch-Gordan coefficients for the 4 ® 4 — 64 product of the spinor

representations into the vector of SO(6) ~ SU(4), hence M = 1,...,6.'3 Now, by replacing
i 14

the 4 complex coordinates Z¢ with the SU(4)-invariant 6d Killing spinors 7%, one can
construct SO(6)-invariant bosonic coordinates X, as before by
X = (Sm)igTyn’ - (4.52)

13Tt is easy to see that this defines a fibration: X is invariant under multiplication of the Z* by a U(1)
phase, corresponding to the fibre. The X are thus SO(6)-invariant coordinates on the base.

“The SO(6) Lorentz invariance group, with fermionic index o, is now the same as the global SU(4)
invariance group.
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In the above relation, the Killing spinors on CP3, together with its metric, are inherited
from the definition of CP? as the k — oo limit of the S”/Z; reduction. Note that by taking
a different metric on CP3, different Killing spinors are obtained [49)].

The fuzzy version of this relation would naturally be

Iy = (Sn) . 2070 (4.53)

with Z% 4 complex matrices giving a fuzzy version of CP? that reduce to the G* matrices,
describing the fuzzy S? ~ CP!, for i = a.

It is not clear how one would construct a fuzzy CP? algebra, or if it could arise as
a solution of ABJM, but the relation (4.53) also defines variables Xj; on CP? that are
natural from the ABJM point of view, and should be important in the AdS; x CP? /
ABJM duality.

5 Supersymmetric D4-brane action on fuzzy S?

We will now build upon the results obtained in [27] for the bosonic part of the action for
fluctuations around the irreducible vacuum of the mass-deformed ABJM theory of [23].
This was given by

: kE)® 1 N2y? N?
SB:/dgdeO' \/Z[— (g) S—fQFMVFMV_ QM FabFab_TauAa(?“Aa‘i‘NfauAaaaAu

N2
— 20" A0, AP+ N2 12 Fopo™ ® — Ta,@aﬂcp —N?120, 80P — N2 2P

—4N2,u28“q£3aqd—N23“q£(3uqd] . (5.1)

We extend the analysis to include fermions and find the full supersymmetric action, with
and without the twisting of certain fields due to the partly compactified nature of the
higher-dimensional worldvolume. We also comment on the similarities and differences
between the fuzzy sphere vacua of massive ABJM and the fuzzy funnel solutions of
pure ABJM.

5.1 Expectations from supersymmetry

Although in the following we will focus our attention on the fuzzy sphere solution of
the mass-deformed ABJM model, we will also comment on the fuzzy funnel solution of
pure ABJM. In order to see what the expected result should be, we will first analyse the
supersymmetry of the solutions. We will use results already derived for the case of the BLG
model and its massive deformation [5, 21, 22],'> which suffice for our purposes. The BLG
Ay-theory corresponds to an SU(2) x SU(2) ABJM model, which shares many qualitative
features with the U(N) x U(N) constructions.

5Tn the context of the BLG theory, the M2 M5 intersection was investigated in [5, 50].
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The N' = 8 (i.e. 16 supercharges in 3d) linearly realised supersymmetries of the massive
deformation of BLG are given by [22]

o X! = ier'w
1
5% = D XTI e~ o [XI,XJ,X’“] | R VO ) ol
5lAﬂba = Z'EF[XCI\I’ddeba . (5.2)
Here I =1,...,8 and the 3d Majorana spinor € satisfies I'g12¢ = €. These transformation

rules are explicitly SO(8) invariant, as needed for N' = 8 supersymmetry in 3d. However,
the massive deformation, and in particular its vacuum solution, explicitly breaks the SO(8)
symmetry of the action down to an SO(4) x SO(4) R-symmetry. Splitting I into 4 + 4 as
(A, A"), the vacua of the mass-deformed theory are

(XA, XB X = —pueBOPXP, XA =0, W=A4,=0 (5.3)

plus the ones with A and A’ indices interchanged. It is easy to check that on this solution
o =X = 51Auba =0, so all the 16 supercharges are preserved.
On the other hand, at =0 (pure ABJM), the BPS fuzzy funnel solution ,

/

Os XA = ABOD [XA XB X | X4 =0, T=A,=0, (5.4)
can be easily checked to imply 6;¥ = §;X! = 5lAMba = 0 only if
['se = I'sas6€ (5.5)

i.e. only % of the linearly realised supersymmetries, namely 8 supercharges, are preserved.

A similar behaviour is also observed in the ABJM case, with all of 12 supercharges
(N = 6) surviving for the fuzzy sphere vacuum solution of massive ABJM, but only 6
supercharges (N = 3) for the fuzzy funnel solution of pure ABJM. The correct effective
action for small fluctuations around these classical solutions is expected to preserve the
same number of supersymmetries.

Note that in [27] it was shown that the (unrescaled) large-IN bosonic action is the same
for both the fuzzy sphere and the fuzzy funnel solutions, so this difference in the number of
preserved supersymmetries presents a puzzle. We will return to this issue at the end of this
section, where we will see that the fermionic part as well as the rescaling of the action imply
the need for extra degrees of freedom to be taken into account in the fuzzy funnel case.

5.2 Maximally supersymmetric D4 action

The definition of the bosonic D4-brane fields, coming from the quadratic fluctuation action
around the fuzzy sphere background of massive ABJM, was obtained straightforwardly
in [27] with one notable exception: The scalar fields ¢%, which were overall transverse to
both the worldvolume and the emergent S?, were bifundamental, thus at finite N they had
to be expanded in terms of the bifundamental objects éaYlm(Ji). However, since in the
classical limit the G® become Killing spinors on the sphere, this dependence alone suggests
a spinor structure for said scalars.
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Note that the appearance of the Killing spinor on S? as the classical limit of some
fuzzy object is a feature that has not been previously considered in the literature. In the
conventional construction of fermions on the fuzzy sphere, one obtains them as scalar func-
tions expanded in terms of the usual spherical harmonics Y}, (J;). The fermionic structure
of the field is then obtained by diagonalising the kinetic operator in the classical limit.

For ¢% = Qgéa however, the action in [27] corresponded to a usual scalar despite the
presence of the fuzzy Killing spinor, e.g. one had that the kinetic term on the sphere was
given in terms of the familiar form

~ ,uQN/d?’xdza\/z hab aaqj;aqu , (5.6)

even though ¢ ‘contains’ the Killing spinor G dependence. This is as long as one keeps
in mind the following definition for the action of the derivative on the Killing spinors

A0) L i pebs e A8
Ba <G ) = —haK}(5:) 3G (5.7)

These two different possibilities in expressing the transverse scalar degrees of freedom are
related to an implicit twisting, since G® can be reinterpreted as part of the spherical
harmonics. We will deal with this in detail in the next subsection, when we will twist the
field ¢% into the spinor Q% by ‘extracting’ the G“. In this subsection we will instead turn
to the fermions.

5.2.1 Parallel fermions

To complete the fluctuation action of [27], we begin with the fermionic part of the mass-
deformed ABJM action

S/{BJM:/dBl“ Tr [WIH“D;WI—Z'M/)TQ%A—
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+ oty —ypt? Ol Oy, —20TC pily + 29t Cfc}m)} : (5.8)

(51 ClpicCf —erprerut! Cyik Ct

which differs from the undeformed ABJM fermionic action only in the presence of the mass
term. Here 17 are general (Dirac) spinors of SO(2,1), with 16 real components and 8
on-shell degrees of freedom. One can then split the fermions into two types, in a similar
fashion to what we did for the scalars: the ‘parallel’ to the S2, which we denote as v, and
‘transverse’, which we will call yg.

For the parallel fermions 1), the terms with €775z in (5.8) do not contribute in the
fuzzy sphere background. The terms on the last line of (5.8) give

(27{]’52) 2iTr [% (j— J) TP, + (wTﬁjaﬁ _ jﬁ aw’ﬁ) ¢a} ] (5.9)

The fermions are also bifundamentals like the scalars g%, thus when expanding them in
spherical harmonics we must also consider a G® multiplying the Y;,,,(J;), as argued in [27].
This leads to the natural decomposition

Yo = G+ GUS"
= G+ UPGP (5.10)
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where 1, Ug “ admit an expansion in terms of Y (J;), while Yo, U, in Yim(J;). We also
define raising and lowering of the indices on G* by

Go = eapGP; G = 60‘5@2 . (5.11)
Here
1
s — 0 , (5.12)
-10
with eaﬁeﬁv = 53‘, i.e. as matrices ¢ = idy and e ! = —igy. Note also that
GLGY = —Gle@,.
Since

Fa -J 1. .. _
(17% = 75°6%) o = T L 0towa 4 2 60°% [0100 — Tt (5.13)
the kinetic term for v, is (27f2 = pk)
i [ TG [0 - T v (5.14)
In [27] it was shown that derivations on the sphere for fields with a Y;,,(.J;)G® depen-
dence were obtained by considering
17— Jq' i K%0,q" + qla;
qﬁjl quﬁ — +2iK; 5@% + Qi - (5.15)
Similarly, we now obtain
[zpin - jﬂ/ﬁﬁ] — 12iK2 9,18 + yTPa; . (5.16)
The spin-covariant derivative on the sphere is given by [36]

i

Vo=0,+ 4w(ilj0'ij , (5.17)
with w? the spin connection on S2, with only non-zero component w(f = —wél = —cos 0,

and o;; the spin-1 generators of SO(2). In terms of components

Vi=Vy=0y, Vo =Vy =04 — %Fg cos 6 (5.18)
and one can write the above as
Vo =00+ S 10,5 + %Fa . (5.19)

Hence, the Dirac operator on the sphere is given by

Dy = et TV, = oy (ag + C°2te> op 505 =T (0. +S579,8) +i, (520

sin
where S is same unitary rotation matrix previously defined in (4.23), which also appears

when translating quantities on S? between Cartesian and spherical coordinates. We have
collected definitions and various identities involving the matrices S in appendix A.
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Using (4.28) and (5.19), we get the following kinetic term for 1),, coming from the
CCqy) interaction term

—2uN / Brd?oVh [(¢S)a[rava —iPy]%, (s%p*ﬂ , (5.21)

where again the projector Py = %(1 +1I's).
To this, we must add the 3d kinetic term for these parallel fermions plus the mass term
coming from the deformation

- / Tr [Wwauzpﬁmw%a} N / Brd?oVh [w*awaﬂpaﬂ'w%a , (5.22)

where in the above the covariant derivative drops out because the ¥ A interaction terms
are cubic in the fluctuating fields.
We total action for the parallel fermions 1, is then

N / Brd?oVh (19S)a [—fy“au 1+ 2 (—P“Va + fr?’)} ) (S‘lz/ﬁ )B . (5.23)
2 8

1 .
25 Indeed, there is

a unique split of the I'-matrices in 5d into 3d+2d, namely IH = RT3, =1 I, so
the 5d Dirac operator must be

This is almost the kinetic term of a 5d fermion on an S? of radius

Ds =T"0, +T92uV4 = 4"(T's)* 30, + 2u(T*)* 5V, . (5.24)

Note that what is missing is a Weyl condition, i.e. if we had Weyl spinors, with (1 —T'3)1 =
0, or %1# = 1), we would get the above result in terms of the 5d Dirac operator in (5.23).

The D4-brane action that we want to finally obtain, should sport a Majorana spinor
in 5d. However this decomposes into a Majorana spinor in 3d, times a Weyl spinor or a
Majorana spinor in 2 Euclidean dimensions. It should also come with an index for the 4
dimensional real representation of the D4-brane R-symmetry group SO(5)g. Since the ),
correspond to half the number of the total D4-brane fermions (the others being related to
X&), one still needs an extra index i = 1,2 on the 5d fermion, or equivalently to have a
Dirac spinor in 5d instead of Majorana.

From the point of view of the lower dimensional theory we started with a general
(complex Dirac) spinor in 3d. It is then clear that to obtain a complex Dirac spinor in 5d
from the fuzzy sphere we must have a Weyl spinor on the 2-sphere. Thus the subtlety is
that, by interpreting the index o = 1,2 on 9, as an index on the fuzzy 2-sphere, we must
reorganise it as a 2d-Weyl spinor index, i.e. we must impose a Weyl condition. Thus the
need for the Weyl condition appears when comparing degrees of freedom at finite N and
on the classical 2-sphere, and is related to the presence of the strange object G“ in the
decomposition of the fields. Indeed, we saw that G® corresponds to the Weyl-projected
Killing spinor P;n!, where Py acts either on the SO(2)y, index or on the SO(3)g1oba; index
I. We will see in the next section that if we take out the G®, we obtain the Weyl projection
automatically, without the need to impose it by hand. Also, when twisting ¢ by removing
a G in the next subsection, this kind of subtlety will disappear.

In conclusion, we obtain a 5d spinor ¥ that is 2d-Weyl, with mass p.
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5.2.2 Transverse fermions

We now move to the transverse fermions 4. From the /757 term in (5.8) one has
ip Tr [XTdXd - e‘”ewégxgéi/xé + emeﬁséo‘xmévxw . (5.25)

As for the parallel fermions, x4 are bifundamentals so we must extract a G® matrix before
decomposing in terms of the fuzzy spherical harmonics Yy, (J;)

X = xapG”
Xt = Gy . (5.26)

The dotted indices are raised and lowered in the same way as the undotted indices. Note
that the above implies the modified Majorana spinor condition

(Xaa)' = x**. (5.27)

This is needed, since the fields x4 were general (complex Dirac) spinors in 3d, but by
extracting G2, the yaa need to obey a reality condition.

After some algebra one obtains for the two nontrivial terms in (5.25)

Wi

T (20)ejuTr [(&k)a ST T, | - (5.28)

The expression inside the bracket gives in the classical limit
inT x0Ty = —egindy | T X+ 2000 = [ Nejipa(~20) K0, + 2Niag] X7, (5.29)
which through use of the identity
eijrri K¢ = 6" hg K (5.30)

gives _ .
GBI, = 2N [wadﬁch,ganrxk 8 (5.31)

Using (5.19), the identities (A.9), as well as the relations

OV, = —il3[*V,
&%r,r, = —2ily , (5.32)

which can be checked by explicit evaluation, one eventually arrives at the following result
2 [ BrdoVh ao v (a-1.5)"
— —N? [ dzd’oVh | (x;S), (PyTV,) 5(5 X ) thel| (5.33)

Of course, one also needs to add the usual kinetic and mass terms in 3d for yg
(see (5.8)), namely

/Tr [—XTdyﬂDﬂXd+iprd‘Xd} — N/d3xd2a\/ﬁ [—XMWH(?“X@ +z',uxT‘j‘Xd] . (5.34)
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Combining that with the mass-term that has been left over from (5.25) one gets
— N / Bad?oVh |:—XTd'YM8MXd + QiMXTdXd} . (5.35)
By expressing the above in terms of X4q, using J%g — %(mk(ﬁk)aﬁ + 5%), this is
N? / PadoVh [~ (*S) , (P2 (S xa)” +2im (x*S) (P, (5~xa) ] . (5.36)
where @ = v#0, as usual, and the total action for the transverse fermions is
NZ/dgdeU\/ﬁ [% (XQSP,)B (I’?’)Baﬁ (P,S_lxd)a + i (Xé‘SP,)a (P,S_l)(d)a

# (F8P) (90 (Pos ) ke | L (537

Here we introduced a I'® in front of @ in order to make explicit the correct decomposition
of the 5d Dirac spinor.

Now we can define

T = (P-S 'xa)" (5.38)

and, as promised, the Weyl projection P_ appears automatically, for the same reasons as
mentioned for the parallel fermions: for the counting of degrees of freedom to work one
needs to construct either a single 5d Dirac fermion or two 5d Majorana fermions. In this
case, the appearance of the Hermitian conjugate means that one must ignore the (modified)
Majorana reality condition. Alternatively, one could reorganise the spinors into (modified)
Majorana spinors but without the Weyl condition, as the two results are equivalent. We
will not do this here, although we will perform the equivalent procedure when twisting the
transverse scalars ¢® shortly.

In terms of the Y$’s the action for the transverse fermions is
—1_. .
N? / Bad?oVh [irapg)rd 4 ipTY + hee.| (5.39)

Here we have also used the 5d Dirac operator (5.24) that includes a sphere factor of
1

m.

In conclusion, the spinor T§ has a Weyl-projected sphere index «, making it the

radius
expected D4-brane Dirac fermion.

5.2.3 Final action and supersymmetry

Collecting all contributions, the action will become just the usual D4-brane action for
bosonic fields ®, ¢%, Ay, Aq and fermionic fields v, T4, but with q® and v, ‘containing’ a
fuzzy Killing spinor. We will see shortly that this can bee interpreted in terms of a twisting
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of these fields. The action is

2,2 2
S= / ded?o\Vh [ ( ) fQFWF‘“’ N L Fu Pt ]Z Dy A D Ayt N 0, A,0°A,,

. . N2
— 207 A,0, A" —AN? 1291 ,q° — N?0" ¢l 9,4% — —Ou®O D= N*20,50" 0~ NP0’

1. _ .
+N22Fpo®d+ N2 <§WD5TQ+¢MTWQ+h.C.>

N <(¢S)a [~ Ds+ip1)% (slw)ﬁ> ] . (5.40)

Note that we have already assumed that the 1 fermions are Weyl-projected.

As in [27], in order to bring the above to a form that can be compared to a conventional
D-brane action, it is necessary to redefine the matter fields by C! — X! = (TQ_l/ 2 fG*,0)
and hence f — T2_1/ 2f, where Ty = [l;’(27r)2]71 the membrane tension, and similarly for
the fermions. This is so that the X!’s can be thought of as spacetime coordinates with
dimensions of length. We then perform some additional rescalings for the bosonic fields
4l 4l 4l . g A4ml

— : q" — (5.41)
B T 1/2f a @ N Np '’ \/_,u

A, — A

for the sphere metric hg, = ,u*QiLab and the worldvolume coordinates x* — %x“. These are
finally supplemented by the following rescalings of the fermions

. A7l 47l
T - T2 o = Po—m— . 5.42
L = (542)

After implementing the above, we arrive at

1 2 .
Sphvs = 3 /dgzchJ\/_ ——FABFAB aA¢aA¢—%¢2_angana+g WP F @

YM

+ <%le~)5Td—|—%MTde+h.C.> — (1b8) D5 (s—lw) +%p(¢5) (s—lw) ] ,(5.43)

where Ay = {A,, Ay}, Ds = Y (I'3)* 50u + p(Ta)® 5 V. This is just the action of a partly
spherical D4-brane with some extra mass terms and 12 supercharges on the worldvolume,
or twice as much in the curved spacetime background! The mass terms break SO(4,1)
Lorentz invariance, which is not that surprising as the worldvolume itself already breaks
it. They are also separately maximally supersymmetric from the point of view of 3d.'6
We will not attempt to make the full supersymmetry transformations explicit here, as they
will be of a peculiar type, but will instead focus on their general characteristics. We will
soon explain in more detail why we must obtain 12 supercharges, but the D-brane action
in curved space must preserve % of the supersymmetry of the background.

5One can easily check that §Fup, oc pwap€, 8¢ o &, 51p o< pupe with 1 a generic fermion leave the mass
terms invariant.
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We now recall how we expanded the various ABJM fields in the classical limit of the
sphere. For the adjoint gauge fields it was done in the usual manner in terms of scalar
spherical harmonics, i.e. AE;) = (AE;))lelm (), while all other bifundamental fields were
expanded in Y, (z;)3% as

rY = rg® + 595" = [(r)lmégf + (saﬁ)lm} Y (24)3”
¢ = Qgga = (Qg)lelm(xz)ga

b e [ 0),

Xa = Xaad” = (Xaa)imYim ()3 - (5.44)

Simply because of the form of the 2+1 dimensional part of the action, it is natural to
expect that r® must be bosonic and x4 must be fermionic. One can get from the initial
mass-deformed ABJM action to the final result (5.43) through replacing r,, with the bosonic
fields A, and ® = 2r+¢ (where s%3(6;)°, = K8 Ay +2:¢) and x4 with TS = (P_S~1y,)?.

In the same expression (5.43), ¢¢ and 1), were left as they were, since similarly the
2+1 dimensional part of the action implies that they are bosonic and fermionic fields
respectively. Even though the form of the final expressions is extremely simple, this presents
a kind of asymmetry in the way we have treated the fields, as the ¢%, x4 still contain a
(fuzzy) Killing spinor in their expansion. The reader might be wondering why we have also
not naturally replaced ¢% with Q% and 1, with 1/;, U,”. We will see in the next section
that this will correspond to twisting the fields, which will turn 1;, U,” into a combination
of twisted-scalars and vectors, while Q¢ into twisted-spinors.

An intriguing feature of this result is the following: while in the finite-N construction
Q% and Yao can only be expanded in Yj,,(J;), the fact that these fields are (twisted)
spinorial means that, on the classical S2, one should actually expand them in terms of
spinor spherical harmonics, i.e.

&= X (@5 (5.9
Im,+

Xao = Y (Xa)mE0 (5.46)
Im,+

with Elj;: as given in (4.19) and also containing the Killing spinor. Hence, the expan-
sion (5.44) must somehow rearrange itself at large-N. In other words, and according to
the new construction presented in this paper, in the classical limit a spinor index can arise
both from the G* acting as a (fuzzy) spherical harmonic or (fuzzy) Killing spinor, and also
from the coefficients of the expansion in fuzzy spherical harmonics, as it is usually done.
This unusual behaviour is related to the fact that in the classical limit, G® matches
against an object with 2 spinor indices, global and local, either one of which can be thought
of as being removed by a Weyl projection as was discussed under eq. (4.35). By the
finite-dimensional matrix rules, the bifundamental matrix ¢% can only be expanded in
Yim (J;) x G® and we can think of the a index on G® as a global symmetry index. However,
at large N it also can be reinterpreted as a local Lorentz (spinor) index. Since n® is

contracted with the coeflicient (Qg)lm, the latter also becomes a spinor.
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We conclude this section with a few comments on the action of supersymmetry. The
set of A/ = 6 supersymmetry transformations in 3d and at finite N include [23]

s(ChyT = e (w)V, (5.47)

where we have explicitly written the U(N) x U(N) matrix (ij) indices. This could be
decomposed into _
5O =& and 50 =&Y, (5.48)

where e/

is in the 6-dimensional, antisymmetric representation of SU(4).
At N — oo one still has N/ = 6 supersymmetry. In the classical supersymmetric D4-
brane action (5.43), supersymmetry similarly relates ¢ with 1, and Y%. The first half of

the (global) supersymmetry transformations
61q% = &%y (5.49)

is of the usual kind, since both ¢% and 1), are bifundamental matrices at finite N, and ¢;
does not act on the matrix structure, as in the classical limit the Lorentz spinor index on
€1 naturally appears from (5.47). On the other hand, the other half,

S2q% = T = &g T, (5.50)

has a more unusual supersymmetry parameter, since ¢® is bifundamental while T¢ is
adjoint, so for this transformation to make sense away from infinite IV, one must decompose
€5 as above. That, however, would mean that supersymmetry would act on the gauge group
and hence cannot originate from (5.47)! In the classical limit, € should of course be the
same kind of object as €1, a spinor on the sphere, but the consistency of the N — oo limit
must be subtle in order to obtain the correct supersymmetry from the finite-NV one.

It is apparent that if one replaced instead ¢® by Q% and v, by ¥, Ua? such a problem
would be avoided and the classical limit would be better defined, since all the fields at

finite N are then in the adjoint of U(N), and can be treated on the same footing.

5.3 Twisting the D4 action on the fuzzy S

Following the above discussion, the alternative way of expressing the action for fluctuations
around the irreducible vacuum is such that all the classical fields on the sphere admit an
expansion in the scalar fuzzy spherical harmonics Y,,(J;), with the spinorial structure of
some fields appearing solely from the coefficients of that expansion. This is the natural
construction for the fields on the fuzzy sphere but in this picture we will end up with a
set of ‘twisted’ fields, in a sense that we will shortly explain. This affects the transverse
fermions x4, as well as the expression for the transverse scalars ¢% found in [27].

5.3.1 Twisted compactification vs. ‘deconstruction’ in the Maldacena-
Nunez model

We initially review the similar case of [36], in the context of the Maldacena-Nufiez (MN)
model with IIB 5-branes compactified on S2, preserving N' = 1 supersymmetry in 4 di-
mensions (the mass-deformed N = 1* theory of [37]). As is known from [51], in order to
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preserve supersymmetry on D-branes with curved worldvolumes, one needs to twist the
various D-brane fields. Specifically, that means embedding the S? spin connection, taking
values in SO(2) ~ U(1), into the R-symmetry. As a result, the maximal supersymmetry
one can obtain after compactification to 4 dimensions is N' =1 (corresponding to U(1)gr),
which the MN twisting indeed does result to. The authors of [36] then compare the MN
twisted compactification with a ‘deconstruction’ of an N' = 1*, SU(N) gauge theory at
large-N and around a fuzzy S? background, obtaining agreement in the spectrum and ac-
tion for fluctuations. We now turn to understanding this twisting procedure, in order to
apply the lessons learnt to the case of the ABJM theory.

First note that there are two ways to understand the twisting: from the point of view
of the twisted compactification on the sphere, as well as from the point of view of the
‘deconstruction’ picture, i.e. by constructing the fuzzy sphere from matrices in the lower
dimensional theory, as we have performed so far.

On a 2-sphere, scalar fields are decomposed in the usual spherical harmonics Yy, (x;) =
Yim (6, ¢) and can thus give massless fields after compactification (specifically, the { = 0
modes). However, that is not true any more for spinors and gauge fields. Spinors on
the sphere are eigenvectors of the total angular momentum on the sphere JZ?. These are
of two types: eigenvectors 2 of the orbital angular momentum L? (Cartesian spherical
spinors) and eigenvectors T of the Dirac operator on the sphere —i@sg = —iﬁ“beznamvb
(spherical basis spinors), whose square is RQ(—Z'@SQ)Z =J2+ i. The two are related by
a transformation with a sphere-dependent matrix S. The former are decomposed in the
spinorial spherical harmonics

=Y C (L3 dsm = i, p1,m) Y (0, 9)X5 (5.51)
pu==

N[

Wherej:qi:li% and & = 1,2, as
A () oaé (=) é
¢a - Z¢lm Q?Jr%,lm + ¢lm Q;{%’lm : (552)
lm

Both have a minimum mass of ﬁ, since the Dirac operator squares to Ji2 —{—i =j(+1)+ %.

Similarly, the vector fields do not simply decompose in Yj,,’s, but rather in the vector
spherical harmonics

1 1 N "
=T,y = ———|sin03Y;p¢ — csc004Y 0
i J'Uﬁl)[ " #Tinf)

—Sim = ———|Yimb + 03Yimd| , 5.53
R j(j—i—l)[g] R ¢] ( )

with j > 1. It is more enlightening to show the decomposition of the field strength on the

2-sphere,
1 1
—cscOFyy, = R?2S  Ey——xAg2Y),, , 5.54
R 0¢ ZZ: Ilm l(l+1) S2Lm ( )
m
with [ = 1,2,..., thus again only massive modes are obtained after dimensional reduc-
tion [36].
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Therefore, in the absence of twisting, supersymmetry will be lost after dimensional
reduction, since all S2-fermions will be massive but some massless S?-scalars will still
remain. Twisting, however, allows for the presence of fermionic twisted-scalars (T-scalars),
i.e. fermions that are scalars of the twisted SO(2)r Lorentz invariance group (with charge
T), which will stay massless, and the number of supersymmetries in the dimensionally
reduced theory equals the number of fermionic T-scalars.

In compactifying a 5-brane on S2, one has a SO(4)r ~ SU(2)a x SU(2)g R-symmetry
and a SO(3,1) x SO(2)45 (local) Lorentz invariance. Omne chooses the twisted Lorentz
invariance of the sphere as Qr = Qa5 + Q4, where Q45 is the charge under the original
Lorentz invariance SO(2)45, and @ 4 is the charge under the U(1) subgroup of SU(2)a. The
reason this is necessary is because one needs to identify the U(1) spin connection (‘gauge
field of Lorentz invariance’) with a corresponding connection in an R-symmetry subgroup,
i.e. a gauge field from the transverse manifold. Note that SU(2)p is inert (i.e. unaffected
by the sphere) and is thus a truly transverse group that can be called SU(2),. The true
symmetries of the twisted compactification are then SU(2); x U(1)r and the usual Lorentz
invariance SO(3,1).

The 5-brane bosonic fields are gauge fields Ay, 4 scalars ¢ charged under SO(4)Rr ~
SU(2)a x SU(2)p, with respective indices o and &. There are also two spinors, one charged
under SU(2)a, A, and one charged under SU(2)g, A;. The twisted fields are the ones
charged under SU(2)4, i.e. ¢ and \;. One writes ¢™ = —%(Tm)o‘—dv% showing explicitly
the a index of SU(2)a, and this field has twisted spin Qpr = 0 + % = %.17 For A\; one
writes explicitly the Lorentz SO(3,1) ~ SU(2);, x SU(2)g and SU(2)a indices, A\ and
A4 and decomposes % ® % = 0® 1 into a vector and a scalar, thus building the T-scalar
(éT =1-1=0) A from A\2_,, \&_, and the T-vector (Qr = 2 + 3 = 1) g% from \Y_,,
A&_,. The untwisted fields C(;mpris; of Ajy splitting into bosonic T-scalars A, and bosonic
T-vectors A,, and the fermionic T-spinors.

The explicit form for the twisted fields (a bosonic T-spinor, fermionic T-scalars and
T-vectors), is summarised in the action

/

where p is the mass deformation parameter, Gy = 9,95 — Opga and as usual w® =

. . ) L,
- %MAwaMA - %ugawauga + ™G A — 20,10z — 8=t (—z’V 52> E] . (5.55)

—=€
is the symplectic form on the sphere. v
We next try to understand why one needs to twist from the point of view of de-
construction, and why this leads to reproducing the same answer. In ‘deconstructing’
the above action from 4d matrices (D3-branes), one has SO(3,1) Lorentz invariance and
SO(6)r ~ SU(4)r R-symmetry, which is broken by the choice of fuzzy sphere solution to
SU(2); x SU(2)2 x U(1) ~ SO(3) x SO(3) x U(1), where the U(1) is a charge that rotates
the two SU(2)’s, i.e. the SU(2); fields have U(1) charge +3, while and the SU(2)s ones —3.
The fields of the 4d SU(N) D3-brane theory are 6 real scalars combined into 3 complex

fields ®;, gauge fields A, and for fermions one SO(3,1) Majorana spinor A4 and 3 SO(3,1)

"Note that we divide the charge used in [36] by 2, preferring to keep the usual notation for spin over the
usual notation for U(1) charge.
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Majorana spinors W, 4, where A is a Majorana spinor index and ¢ is an SU(2) index. The
bosonic T-spinors are found by diagonalising the kinetic term for the scalars ®; around the
fuzzy sphere background

/M%T [(1+ J?) 6ij — deijudi] 605 (5.56)

where 6®; = a; + ib;, so only a diagonal part of the SO(3) rotating a; and the SO(3)
rotating b; survives as the SU(2) ~ SO(3) symmetry of the action, together with a U(1)r.
The (complete set of) eigenvectors of this kinetic operator are given by the vector spherical
harmonics J;Y;,, and the spinorial spherical harmonics Q;le This kinetic operator is
diagonalised by defining T-vectors n, coming from the vector spherical harmonics and T-
spinors £% coming from the spinor spherical harmonics. Similarly, the kinetic operator for
the A4, ¥;4 fermions is

and one expands in the same set of complete eigenvectors of the previous operator. After
diagonalising, one defines T-spinors (¢ coming from the spinor spherical harmonics, T-
scalars A (the same A4 from before) and T-vectors g, coming from the scalar/vector
spherical harmonics.

Thus analysing the kinetic operators of the deconstructed theory, one finds that its
symmetries are [SU(2); x SU(2)2]aiag = SU(2)1 and U(1)r = U(1) exactly as in the
compactified MN theory and as reflected in the final action, whose twisted part is shown
in (5.55). However, note that one would initially have been compelled to call SU(2); the
SU(2) parallel to the sphere directions, and SU(2), the one transverse to them. The U(1)7
charge is formally the same as the diagonal U(1) charge inside the two SU(2)’s.

Note also that in the above construction, all the fields on the classical S? appeared
as limits of functions expanded in the scalar fuzzy spherical harmonics, Yy, (J;), and
the various tensor structures of S? fields were made manifest by diagonalising their
kinetic operators.

Supersymmetry. As seen in (5.55), the kinetic term for the T-scalar/T-vector com-

bination is w®GaA, and we saw that Gy decomposes in Y <y, %ASQYlm, whereas

VI+1)

A decomposes in Y}, for [ > 0. Hence, the minimum, { = 1 mode of G, couples with the
[ = 1 mode of A, giving a mass term ~ g;—1)Aj=1) and as a result all [ > 1 modes for
both A and g, are massive. On the other hand the fermionic T-scalar A—g) mode, that
becomes a fermion in 4d, gets no mass term, so we get N=1 massless fermions in 4d, thus
N = 1 supersymmetry.'®

Finally, even though twisting is in general needed in order to preserve the 16 supersym-
metries along the curved space D-brane [51],' whether or not one gets supersymmetries

18We have already discussed how the fermionic T-spinors have no zero eigenvalues on the sphere and thus
there are no corresponding massless fermions in 4d.

190f course, the background can break some of these 16 supersymmetries, but by the fact that a D-brane
is an endpoint of strings, half the total supersymmetry must be preserved.
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in the dimensionally reduced theory is not necessarily known. The only restriction is that
after dimensional reduction one can have at most N’ = 1 supersymmetry, and in the case
above we recover indeed N = 1. But in principle one could also end up with N' = 0 in
the dimensionally reduced theory after twisting, i.e. no massless fermions. That is what
we will obtain in the ABJM case.

5.3.2 Compactification vs. deconstruction in massive ABJM

We now come return to the case of the fuzzy S? in the massive ABJM model, resulting in
a D4-brane theory.

Compactification From the point of view of the S? compactification of the D4-brane
theory, there is an SO(2,1) x SO(2)34 (local) Lorentz invariance, and an SO(5)gr R-
symmetry. Like in the MN case, there is also a global SU(2)a x SU(2)g C SO(5)g,
and a U(1)a C SU(2)a subgroup. We define the twisted Lorentz symmetry (T-charge)
Qr = Q34 + Q4. As before, twisting means that one embeds the U(1) spin connection
(‘gauge field of Lorentz invariance’) on S? into the connection of an R-symmetry subgroup
(‘transverse’ gauge field).

The D4-brane fields are the 5 real ¢"’s, the gauge field Ay and a 16-real-component
spinor ¥, which is a SO(10,1) Majorana spinor obeying the condition T°2W¥ = —W. We
need to decompose the ¢™’s under SU(2)s x SU(2)p, by extracting a scalar that corre-
sponds to an overall scale, specifically ¢ = /@™ ¢,. In the deconstructed theory, this
will correspond to the mode giving the ‘size of the sphere’, ®. The remaining modes,
2 = oM /gz~5, with 2™z, = 1, decompose as z®* and will correspond to the transverse
scalars Q%, transforming under SU(2)5 x SU(2)p.

The fermionic fields ¥ must also be decomposed. Initially one can think of them as
Dirac spinors in the 4 of SO(4, 1) and the 4 of SO(5). The compactification reduces

1
SO(4,1) — SO(2,1) x U(1)3y  and 4 — 2%2 (5.58)

while

SO(5) — SU(2)a x SU(2)p  and 4 — (2,1)® (1,2), (5.59)
which we then label through the U(1)a charge and SU(2)g = SU(2), global symmetry as

1
SO() — U(1)a xSU2),  and 4—1F2320. (5.60)

For bookkeeping, we keep the Lorentz indices downstairs, 4 = 0,1,2 and ¢ = 3,4, while the
global indices upstairs, a = 1,2 and & = 1,2. We next separate the fermions that carry an
SU(2)4 index by labelling them as A%, while the ones with an SU(2)p global index as ¥,
and suppressing the SO(2, 1) spinor index. If the latter is a real spinor (so that it is e.g. a
Majorana spinor of SO(2,1)) one ends up with the correct number of degrees of freedom,
as the total will add up to 16 real components.

For the gauge fields one has the same decomposition as in the previous subsection: we

leave A, as is and define

1
ny = ——(As £iAy) . (5.61)
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SO(2,1) U(l)ss U(M)a SUR). | U)T
Ay 3 0 0 1 0
n4 1 +1 0 1 +1
) 1 0 0 1 0
7% 1 0 +1 2 +1
Table 1. Symmetries for bosonic fields.
SO(2,1) U(l)sa U()a SUR)L | U()r
A +3 +3 1 02, %1
P2 2 +3 0 2 +3
Table 2. Symmetries for fermionic fields.
T-scalars: Qr =0 o, Ay, M52, NS}
T-spinors: Qr = :I:% f‘, P
T-vectors: Qp = +1 ni, )\‘i)‘::ll, )\5;22

Table 3. T-charge for 5d fields.

We can now summarise the symmetries for the bosonic fields and their associated
U(1)T charges in table 1. We can similarly summarise the fermions in table 2. The five
dimensional fields can then be split up according to their T-charge as shown in table 3.
Note that once again we have SU(2)p = SU(2),, U(1)r and the Lorentz SO(2,1) as the
only symmetries of the twisted compactification.

Deconstruction In deconstructing the sphere from the 3d ABJM theory, one starts with
SO(2,1) Lorentz symmetry and U(4) ~ SU(4) x U(1)pm ~ SO(6)r x U(1)p R-symmetry.
The U(1)y is a common phase of the C! scalars, which therefore corresponds to the M-
theory direction that is compactified through identification by the Zj orbifold action.
Hence, when going to the ITA theory in order to match with the D4-brane picture by
taking k — oo, the U(1)y is broken and one is just left with SO(6)gr. Moreover, as in the
MN case, the SO(6)r R-symmetry is broken by the choice of the fuzzy sphere vacuum to
SU(2); x SU(2)2 x U(1), with the U(1) having opposite charges for the two SU(2)’s.

The picture for the mass-deformed ABJM theory around the fuzzy S? in terms of
twisted fields (carrying T-charge) is obtained after ‘pulling out’ a G for all the bifunda-
mental fields, so that one is left with the adjoints of U(N) or U(N), as in (5.44). Then,
the functions on the sphere are actually sections of the appropriate bundle; either ordinary
functions, sections of the spinor or the line bundle. Specifically, anything without an «
index is a T-scalar, one « index means a T-spinor and two « indices means a T-scalar
plus a T-vector in a (1 @ 3) decomposition, i.e. the U(1) invariance is identified with the
SO(2)1, ~ U(1)r, Lorentz invariance of the sphere, described by the index a. Then SU(2),
is identified with SU(2), .
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This agrees with what we have already obtained from the bosonic action, since r® ~
(r, s%‘) gave rise to 2 T-scalars (minus one, which due to the Higgsing becomes the physical
A, polarisation) and 2 T-vector degrees of freedom, while Q% should give rise to 4 bosonic
T-spinor degrees of freedom. On the other hand the fermions 1; are general (Dirac) 3d
spinors, giving 8 complex components, or 8 on-shell degrees of freedom. By extracting a
G“ matrix, one obtains real objects, as was seen for instance in [27], where the complex
parallel scalars r® decomposed into the real objects r and s®4. Similarly, ¥ in eq. (5.44)
is real, as are 1/; and Uy”.

The transverse fermions x& have 8 real components thus 4 on-shell T-spinor degrees
of freedom. The parallel fermions v, get split into (@,Uaﬁ ), that is 8 real components,
which will give another 2 fermionic on-shell T-scalar degrees of freedom (that we will call
A in the following) and 2 fermionic on-shell T-vector degrees of freedom (that we will call
ge in the following).

In summary, the decomposition under deconstruction matches the decomposition of
the last table in the previous subsection for the twisted compactification as follows: The
SU(2), invariance matches with SU(2),, while the U(1)r matches the SO(2)1, ~ U(1)Lorentz
symmetry of the « index. The &, Ay, ny fields match the ones coming from r®, that is b,
Ay, Ag, the 2% match Q%, the 1% match x%, and finally the A match the 1, fields, i.e.
A and g,.

5.3.3 Twisting the transverse scalars

We move on to show how the above assignments of fields can be obtained from our fluctu-
ation action. In [27] the transverse scalar kinetic term on the sphere before any rescalings
was given by

2u%N? / Brd?oVh hat [(%)1@3(1 +a464)7 5 (6,,)6#%} , (5.62)

where the Q’s can be obtained by extracting the Killing spinor G* part out of the transverse
scalars ¢% according to

¢“=Q3G* and ¢l =GlQ% . (5.63)
with
. . . 1
Qa = (Q‘f‘ ; Q%) and  Qf = (g;) (5.64)

and with the definition of the covariant derivative appearing in the above as

- « 1 -
(Va) = 0+ s ha K (5)° (5.65)

—92 v

The expression (5.62) does not look like a conventional scalar kinetic term on the
sphere for the fields Q. However, we will next show how this expression, as well as the
associated 3d kinetic term, can be converted into a kinetic term for bosonic spinors on S2.
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We observe that the ‘covariant derivative’ defined®® in (5.65) can be related to the
usual covariant derivative for spinors on S? through (5.19) as

«

~ « N Z -1 o — 1\« . -1\«
(%) = [aa_isras ] - (SVS™) v—z(SFGS ) .- (5.66)

Note that the above is almost the S-rotated V,. Then, using (5.66), eq. (5.62) becomes

after some algebra

—4p*N? / drd?oVh ﬁ“b[(QdSP_)H(VaVb)“V (P_S7Q4)" (5.67)
L
Vh

o1 7 & A -1 .\?
o (V) (@), 0, (s |

up to total derivatives. Exactly as in the case for the transverse fermions of section 5.2.2,

—i(QYSP.) (V)" \(Th), (PrS™'Qa) +—=0a (\/ﬁ) (Q¥SP), (Vi) (P-S71Qa)"

it is evident from the above that one could consider the full complex Weyl-projected
(P_S71Q4)* spinor as the correct variable. Alternatively, one can reorganise them in

terms of (modified) Majorana spinors, by writing
(Q*SPy), = (C*,0) (Q*Sp_)_ = (0,D%) (5.68)
(P-S57'Qu)" = <—(()7d> (PLS™'Q4)" = (%‘5‘> , (5.69)
where C%, D% can be evaluated explicitly, and considering the following combination
Eq = (QYSPy), —i(QUSP-) = (C*,—iD*) (5.70)
with
58 = P = (‘_@“) =i (PrS7'Qa)" + (P-S7'Qs)" (5.71)
and the conjugate spinor being

== (2) (1), = i ((@5Py) i (QUSPL) ) (1%)°, = ~i (C*.iD%) . (5.72)

We now re-write the action in terms of the Majorana spinors =%. Before performing the

substitutions, note that the spin covariant derivative and the I',’s do not commute
Val““ = F“Va - §P“wéjaij . (573)
Let us first concentrate on the last three terms of (5.67). These give

— 442N? / Brd?oVh [ — D%Cyy — D% cot eagcd] , (5.74)

20Here we denote this ‘covariant derivative’ with a tilde @, to differentiate it from the proper covariant
derivative for spinors on the sphere V.
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where we have used the identity

1 i
—1 —0y — = t9>D- = —C; .
( i0p + sin96¢ 5 €O & Cs (5.75)
which can be proved by explicit evaluation. One can easily express —D*C}, = %5gﬁg but

we are then left with an extra term. However, note that by calculating the following quan-
tity

22 N? / Bad?oVh [ (VaV%)™ “5] (5.76)
2772 372 f 6 a o L4
—4u~N d’zxdo -D V \Y ) 2Cd — D%cot 00yCy, + §D Csl

up to total derivatives, the first term in the above expression is also the first term of (5.67).
Hence

_42N? / Bad?oVh [(QQSP,)R(VGV“)“V (P,S*Qd)”} - (5.77)
U2N? / Brd?oVh [ (VaV)* 4Z2 — 4D cot eagcdmmcd]

and the middle term will cancel the similar contribution from (5.74). Finally, with the
definition of the Dirac operator on a sphere of unit radius given by?!

— Vg = —il"V, (5.78)

and since

VoVe® 1y =TV, IV, , (5.79)

the resulting expression for the transverse scalar kinetic term on the sphere is
2 [ 13 2\/71;0'4 N 2=dma
N* | &’zd*cV h 5=a <—22,uV52> : —3uER=Es | . (5.80)
B
To that we need to add the 24-1d kinetic term, which can be easily evaluated to be
N? - .
— / Bad?oVh [aqu (5;; + xi(&i)aﬁ) augg] —  (581)
- 1 .
N? / BrdoVh [— iauagaﬂag] .
The final answer for the transverse scalars in terms of T-spinors on the sphere is
2 352 \/7 Les (.o & 2 _ L) =aqus 2=dm
N= | d&>xd“ocV h 7= <—12MV52> Ha — Eauz M2y — 3uE"Es | - (5.82)
One might be worried about the fact that the kinetic term for the T-spinor on the sphere
is quadratic in the Dirac operator. However, as also argued in [36], this makes sense as the

kinetic term for a boson is quadratic in derivatives and it is not possible to lose a derivative
from our above redefinition of fields.

2In the Dirac operator @Sz the indices are raised and lowered with the unit sphere metric Pap.
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5.3.4 Twisting the parallel fermions

We finally decompose the parallel fermions ), into bosonic quantities, after extracting an
explicit G, due to the bifundamental nature of ¢. This is implemented using the form

Vo = VGo + Us G, (5.83)

with ¢ and U,” decomposing in terms of fuzzy spherical harmonics Yim(J;). The expansion

of the Hermitian conjugate is
Pt = éTaTZ + G’Tﬁ%a, (5.84)

however note that in 241d the fermions are actually Majorana, so ¢ = 1T C, i.e. is related
by simply raising/lowering with €’ in the suppressed 3d spinor indices.
We next define
U’ = %Ui(‘}i)aﬁ L U= %Ui(&i)aﬁ (5.85)
and then split the above into a transverse and two tangential components on the sphere as
Ui=Klgs + v, U= K!ga + 1[136, ) (5.86)

Having done that, we are now ready to express the parallel fermionic components of (5.8)
in terms of the fields g, and A.

Mass terms For the mass deformation we find??
Ty [W%} — _iuTr [_(N — 1) + JoPUSP + J520ULP + 1, U, “Uoﬂ]
— ipuN? / dovVh [1/71/? — g+ iww + iiﬂbgagb] . (5.87)
3d kinetic terms Similarly to the above one has
T [edga] = —Tr [~V = )90 + JPTs "9 + 5 0005 + 7,505 U |
- [ [J«M R ihabgaagb} . (5.88)

CCvy¥ terms: 1&2-terms We can use as a starting point eq. (5.21) and expand the
fields accordingly

_ 9N / Bad?o\V i [zpa ((Sras—l)“ﬁaaww) - %(Srgs—l)“ﬁwaww] =

2uN / Brd2oV'h [(srasl)“ﬁaaaa (617) i

+ P (ST (0a0) - %Jaﬁ (ST3S~1)" 6121/7] . (5.89)

Using J,° — & (46, — 1)#,, and substituting the relations (A.9) and the traces (B.7) in
the final line of (5.89), we get a simple mass term

3iuN? / Brd?oV i . (5.90)

22Note that the g, and @ fields obey Fermi statistics, and one can easily prove that e.g. Ui = J)Ui.
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CCp terms: U2-terms For the U?-type terms we have
2uN / Brd?oVh [(sras*)aﬁ (aawﬁ) Do — %(srgsfl)aﬁw%a} - (5.91)
2uN / dedioVh|(sT057Y)" 0. (610, 7) (Ua“GM)—%’(SrgS*l)aBGT’YUy UG

which can be split into a term involving a derivative and one without a derivative. For the
first we obtain

N? = | ~ o
- ,uT /d3xd20\/ﬁ [5 (01 — xyx;) Tr (X6 — 1) 6401665 U;Uy

+ K['Tr [(xm0m — 1) 656163] (8.Ui) Uj |, (5.92)

where we have used the identities on the sphere. Using once again the identities on the
sphere and the traces (B.7), we obtain

uN? / Bad?o Vi, [—— S Gapth + ¢14 (5.93)
where Gy = 0a9p — Opga and Gags = Gpga- For the second term in (5.91) we obtain similarly
HN? / dud2o/h [—%iﬂbgagb + iww} . (5.94)

In total for the U?-type terms we get the simple expression
inN? / dBad’oVh [—— 2 Cnth + 90 —h“bgagb] . (5.95)

Note that the mass term §%g, here precisely cancels the mass term coming from 1,

CCvyp terms: U-i-terms For the U-yp-type terms we have
- e i ha
2uN / Bad?oVh [(sr s, (aawﬁ) Yo = 5(STaS7) BW%] =
2N [ dado i [(srasl)aﬁ 10, (GY0) UG+ 0, (G110, 7) G

—% (ST357)", [GMT, P0G, + GPIUL G (5.96)

Through identities and manipulations all of which we have already seen, we get for the

first term

= uV? [ dado /i [ (0°3) 0 + ﬁ (0°V0) gub + (0°0) ga — 20505 + & Gt

= uN? / Bad?oVh [—2@'@“@@@@@2} . (5.97)
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Since the fermion scalar products are symmetric under exchange, the first three terms in
the first line above have cancelled. For the second term in (5.96) we get

—iuN? / B2V [W] . (5.98)
The final result for the U-t)-terms is simply
©iN? / Brd?oVh [— 3J¢+@abéabzﬁ} . (5.99)

Total result for the parallel fermions Collecting all the terms the total result from
expanding the parallel fermions is

- [ 1] (5-30) 0 (- 19) + o i (5- 1)

i (5-19) (3- a;)]
= N? / Lo\Vh [ APA + gaag + “bGabA+szA} , (5.100)

WhereA—2<1/) %A>

Disappearance of zp +3 ¢ parallel fermion mode The above result shows that the a
priort independent quantities w and 1/1 combine into a single mode, in much the same way
as it was observed in [27] for the scalar ® = 2r 4+ ¢ mode. In that case, the disappearance
of the 2r — ¢ mode was due to the Higgs mechanism with the degree of freedom being eaten
by the gauge field, which then became dynamical (Yang-Mills). For the fermions however,
half the components are solved by the Dirac equation in terms of the other half, whereas
for scalars no component is lost on-shell, and for a 2d gauge field all components are lost
on-shell. For that reason, the twisting is expected to result in losing some components in
the classical limit.

In terms of algebra, the explanation is the same as for the case involving the scalars.
Start with

Yo = Go + U 5G°

= G — €ag (&’f” (nga + %w) & (5.101)
and using 5
%Jifﬂ =JG7"— (N -1)G" = %é’y : (5.102)
one gets at leading N
(&i)ﬁv a

. 1 ..
¢a_’¢Ga_€aﬁ Kiga_iea'ﬂwa
-1 A\ - ;). . A~

1, = 1 ~
§AGQ + §Klqgany(0'l’)fya . (5103)
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5.3.5 Final action

Collecting all the terms, the result for the twisted fields is

2 2,,2 2
. 1 N N
S=[dzd?o Vh —<ﬁ> By PP = = P ™ = =0, A0 AN 0, Aa)" A,

o ) 8f2 2

N2
— 20 A, 0, AP+ N2 12 Fpo™® — T@ﬂ)&‘@—N2p28a®6“<1>—N2p2<1>2

1., iy 1., TR B .
N2 <<§T°‘D5Td+iu“f°‘“fd+h.c.> +§Ea<—z’2w52) Ed—iﬁﬂEO‘@“Ed—?),uQEaEd)

1- 1 ) _ _
+N? (ZA$A+Zgaﬁg“Jr%@“”GabAerAA) . (5.104)
After the rescalings in (5.41) and (5.42), as well as
47l 47l iy 4wl
A—Agls oy B EIg, (5.105)

the final action is

1
Sphys = —5— /d?’deJ\/E

1 1 2
_ CFypFAB 29,000 - L o2 L E v EL e
P 4 2 2

2

1_. P 1_. 2 2 . 3 .
n <§TO‘D5Td + %wwd + h.c.> + & <—ﬁv52> Za — 9,20 Es - SHPEIEs

- ) . -
+ZA$A + Zgaﬁg“ + 2wG oA + %MAA

7 . (5.106)

This is the twisted action of a D4-brane on S2. Comparing with the twisted action of [36],
we see the same kinetic terms appearing for the twisted fields, which is very encouraging.
The only difference is in the appearance of the mass terms, which reflect the nontriviality
of the background that the D4-brane is probing. This would imply that by dimensionally
reducing the theory on the S? one has N’ = 0 (no supersymmetry), since we still have
massless 3d bosons (A,) but no massless 3d fermions any more.

But is not so unexpected: In [36], the supersymmetry stayed the same N = 1 through-
out. Starting with a SU(N) action in 4d with /' = 1, and in the classical limit for the fuzzy
sphere background, one obtained a twisted 5-brane action that dimensionally reduces back
to the same N' = 1. Here by contrast, we start with an A/ = 6-invariant action, fuzzy sphere
background and fluctuations. By compactifying the resulting D4-brane action for the fluc-
tuations, we could have at most obtained N'= 1 back in 3d, but in any case not N’ = 6.

5.4 Fuzzy sphere vs. fuzzy funnel and gravity dual picture

In this subsection we come back to the issue of the fuzzy funnel in the undeformed ABJM
theory. As was shown in [27], the result for the unrescaled finite-N bosonic action is the
same for both the fuzzy sphere GRVV ground state and the fuzzy funnel BPS solution

of ABJM, with the replacement of y — % Roughly speaking, the reason is that the

derivative 0s played the role of u when acting on the funnel profile Z% %, since

Ds[ L] = [2%]% All terms proportional to p in the massive case were reproduced for the

Vs s

funnel with this substitution.
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In the case of the fermionic finite- N fluctuation action however, the only terms explic-
itly proportional to p are the mass terms from the original GRVV action, and these cannot
be reproduced by 9, acting on Z% any more, as can be seen simply using dimensional ar-
guments.?3 Hence, the full unrescaled finite-N fluctuation action around the fuzzy funnel
is different from that corresponding to expanding around the GRVV fuzzy sphere vacuum,
and in particular is not supersymmetric.

The only alternative possibility to get the ‘mass’ terms would be from the kinetic term
1041, if the fermion 9 were also proportional to % That however means that one would
have to accordingly rescale the fermionic fluctuation . In fact, one needs to rescale even
the bosonic fields in order to get to the standard form of the classical action, but that is
also problematic: the derivative Js can act on all fields rescaled by u ~ %—dependent terms
in eq. (6.5) of [27]. The rescaled action then looks complicated and incomplete.

Nevertheless, let us pause and ask what one would expect to recover: By comparison
with the fuzzy sphere action, we want to obtain the action for a D4-brane on R*! x S?
in the classical limit, perhaps with extra field configurations turned on in its worldvolume,
giving a D2-brane charge. In fact, based on the supersymmetry analysis at the beginning of
this section, one expects half the supersymmetry of the D4-brane action, with the system
corresponding to a D2-brane ending on a D4 (such that I'ye = I's456€). This would imply
that our fluctuation action is missing both the D2-brane charge on the D4 worldvolume as
well as the D2-D4 open string degrees of freedom. Only once these are taken into account,
with a correct analysis of the modes along the s worldvolume direction, should one expect
to find the correct brane action preserving % the supersymmetry of the background. As
it is, we can at most deduce that at s — oo, when p = 2% — 0 (but is still large enough
so that the fuzzy sphere of radius R o \/f can be considered classical) the fuzzy funnel
action coincides with the fuzzy sphere one. In that case, one is far away from the source of
D2-brane charge, and thus only the D4-brane action remains. As the full picture for the
fuzzy funnel case does not extend straightforwardly from the analysis performed in this
paper, we will leave further investigation as an open question for the future.

We conclude this section by providing a spacetime picture for the D4-brane on the
fuzzy sphere, to further justify why one naturally recovers such a D4-brane action on S? in
the classical limit. It was argued for the A4-theory case in [22] that the fuzzy sphere ground
state for the massive BLG model in M-theory corresponds to a giant graviton D3-brane in
type IIB, wrapping an S® inside the maximally supersymmetric pp-wave. With the correct
N-membrane picture being captured by ABJM, one can apply similar arguments for the
mass-deformed case of GRVV, where however the classical limit of the fuzzy sphere ground
state contains one subtlety: The massive deformation of ABJM still corresponds in IIB to
considering the maximally supersymmetric pp-wave background, but now one also has a
Zy, orbifolding. Moreover, as was also the case in [27], the classical large-N limit together
with the condition for small fluctuations forces us to additionally take k — oc.

230ne would need at least a term proportional to ©8,C74, which besides not being invariant, does not
have the right dimension.
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By defining the 4+4 coordinates transverse to the IIB pp-wave as Z! = (2%, Z%) with
Z' = X' +ix?, 7% = X3 +ix*4
7' = X% +ix5 72 = X7 +iX8 (5.107)
(and with X* = X9 £ X?), then the giant graviton D3-brane wraps a sphere of radius
|ZY? 4 |Z%? = R%. (5.108)

If one then performs a T-duality along one of the Z% coordinates to type IIA string theory
and lifts up to M-theory on a coordinate X9, the configuration becomes an M5-brane
wrapping the S? and also extending in X°, X°, X0 Going from BLG to ABJM corresponds
to increasing the number of branes to N, while also dividing the target space by Zj acting
by Z' — e*™/kZi which shrinks the S* Hopf fibre of the S3 fibration over S2 k times.
In the classical large-N, large-k limit one must then reduce M-theory to type ITA on the
shrunk Hopf fibre coordinate as in [27], instead of X!, to obtain a D4-brane wrapping a
classical S? ~ $3/S! and also extending in the coordinates X°, X9 X10.

6 Conclusions and discussion

In this paper we have continued the analysis of the fuzzy sphere/funnel solution for the
massive/pure ABJM model initiated in [27]. In the latter it was shown that the solutions
of [23] involved fuzzy 2-sphere configurations, instead of the anticipated 3-spheres, although
formulated in terms of bifundamental rather than the usual adjoint matter fields. In
this work, we have explicitly expressed these configurations in a way that is completely
equivalent to the usual SU(2) construction. The representations of the GRVV algebra (3.4)
in terms of the bifundamental generators G are equivalent to the ones of the SU(2)
algebra in terms of the adjoint J;. Moreover, since (J;, éo‘) can be packaged neatly in a
supermatrix form to give what is known as the ‘fuzzy supersphere’, we additionally obtained
the statement that the latter is equivalent to the conventional bosonic fuzzy sphere. In the
classical limit, g% = \/—lﬁéo‘ become Weyl-projected Killing spinors of S? (up to a phase
that cannot be explicitly determined), thus suggesting that the G* can be thought of as
fuzzy Killing spinors on the fuzzy S2. We also presented generalisations of these statements
to the S* and S® cases (corresponding to the second and third Hopf maps), as well as to
CP? (corresponding to the embedding of the first Hopf map into the €P3 Hopf map).
We then obtained the full supersymmetric action for small fluctuations around a D4-
brane on R>! x $2, starting from the classical (large-N) limit of the mass-deformed ABJM
model around the fuzzy sphere solutions of [23]. This was done by completing the bosonic
part of the fluctuation action, treated in [27], through the evaluation of the fermionic
piece. The latter presented some interesting new features compared to the bosonic case.
In particular, it raises the question about how the spinorial spherical harmonic expansion
of spinors appears on the fuzzy sphere. In the usual (adjoint) ‘deconstruction’ approach
of [36] for the fuzzy S?, one first obtains scalar functions expanded in the scalar fuzzy
spherical harmonics Y;,,(J;), with the spinor or tensor structure appearing by diagonalising
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the kinetic operators in the classical limit. In our present (bifundamental) construction, a
natural guess would have been to expand in terms of Yy, (z;)g“, given the relation (4.19)
between Killing spinors and spinorial spherical harmonics. However, there are subtle points
to this argument. If one keeps the bosonic/fermionic structure dictated by the 3d part of
the action, then the combination Y}, (x;)g* does indeed appear not only for fermions but
also for bosons, and in particular for the set of transverse scalars ¢®. Moreover, even
though we did obtain the usual maximally supersymmetric D4-brane action, the transition
from finite to infinite N becomes harder to understand, e.g. the supersymmetry of the final
action cannot be straightforwardly obtained from the finite-/N version.

The issue of supersymmetry for D-brane worldvolumes on curved spaces is intimately
linked with the issue of twisting. We have reviewed why twisting is necessary when com-
pactifying a D-brane theory, and how it can appear when ‘deconstructing’ the theory, by
revisiting the closely related case of [36]. We then applied a similar logic to our problem of
interest and found a twisted supersymmetric D4-brane action, for which supersymmetry is
easier to understand. A comparison with [36] yields various similarities but also significant
differences. In particular, in the mass-deformed ABJM case the dimensionally-reduced,
‘deconstructed’ theory we naturally obtain preserves no supersymmetry, which is perhaps
unexpected though not inconsistent. An interesting consequence of this analysis is that
the fuzzy Killing spinor G* allows a unified presentation of twisted and untwisted fields,
with the process of twisting reducing to adding or subtracting a G°.

We should comment on the fact that one could never obtain a classical M5-brane action
for the M2-M5 system described by the large-N fuzzy sphere background in this way. As
explained in the introduction, in perturbation theory we are forced to take large k together
with large N, and hence the Z;, reduction turns the S2 into an S? by modding out the S!
fibre of the Hopf fibration. But should one expect to find a classical M5-brane action in
some limit, perhaps by computing the full D4-brane action, not just in the approximation
of dealing with quadratic fluctuations?

The action of multiple M5-branes is expected to be conformal and hence to have no
coupling constant associated with it. As a result, in a perturbative expansion (for small
fluctuations) of any kind, one should not expect to see the appearance of an M5. Moreover,
the D4-brane coupling is given by

IN
g%M = gsls = Rll = ?,Ualg y (6.1)

therefore in the D4-brane perturbation theory that we uncovered, i.e. the quadratic action
for which the ABJM coupling A = % is kept fixed and small, one is always in the type
ITA regime. By definition, the M5 appears at infinite D4-brane coupling, i.e. when N is
infinite, if k£ is of order 1. In that case however, one would have to have knowledge of the
full quantum D4-brane action. It follows that it is impossible to explicitly see the M5-brane
appearing in the classical limit of the fuzzy sphere ground state. The M-brane dynamics
would only emerge in the strong coupling limit of the theory.
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It is important to note that, to the best of our knowledge, there is still a puzzle
relating to a discrepancy in the counting of vacua between the mass-deformed gauge theory
of [23] and the dual geometries of [25, 26]. Resolving this issue, as well as completely
understanding the space of solutions of the theory, is of significant interest for the following
reason: Solutions of the GRVV algebra in terms of same-size reducible representations
should correspond to coincident multi-D4-brane configurations wrapping the same S2, as
argued in appendix C of [27]. It should be straightforward but essential to show that at
the level of the fluctuation action. Then in the strong coupling (k = 1) limit one would
recover a configuration of multiple, parallel M5-branes of M-theory in flat space, albeit with
zero net Mb-brane charge, in the same way that in the same limit of ABJM one recovers

multiple M2-branes.
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A Identities on the sphere

In this appendix we repeat some useful identities presented in [27]. In obtaining the action
for fluctuations on the (unit) classical sphere one needs to make use of a set of Killing
vectors K. The explicit formulae for the latter are given by

Kfz—sinqS Kf:—cotﬁcosgb
KY = cos ¢ Kfz—cot@sin(b
K{=0 Ky =1, (A.1)

as in [52]. The relations between Cartesian and spherical coordinates is

x1 = sinf cos ¢

To = sinfsin ¢

x3 = cosf . (A.2)
One can then explicitly evaluate the sets of identities

KR! = he

6ab

Vi

b
KiahabKj = 5ij — T3

Eijkxinqu = (:Jab =

Ko0.K? = ——o"Vh | (A3)

Vh
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Further identities that were used for calculations in the main body of this paper include

20K} = o™
€ijk0a Kz K =0
eijkﬁaKfK;Kg X (sym.b—c)=0
(Ouzi) K = €ijrxy - (A.4)

From the last relation we also obtain

(D) K& =0
eijk(aaxi)K;Lmk =2
Eijk(aaxi)quK]I; =0. (A5)

The 2d gamma-matrices in spherical coordinates can then be obtained with the knowl-
edge of the vielbeins

el = diag(1,sin §) (A.6)
and the fact that in a Cartesian coordinate frame the 2d gamma-matrices are I'; = o;, with
i = 1,2 and o; the usual Pauli matrices. The chirality matrix is given by 43 = —ic100 =
o3 = I's. Then

(I = (01)” and  (I%)%; = : (2)" (A.7)
g =\ g B~ ging % B :

In going between Cartesian and spherical expressions on the sphere we make use of the
following unitary rotation matrix

—sin 2ei9/2  _j cog Lei¢/2
Sz\/%( sin 5e i COS € ) (A.8)

cos ge*id’m —1isin ge*id’m

One can then show that

(ST*S71)°5 = —KP(5)°,
(ST3871) 5 = —a$(6i)%
(SP-S7H)"5 = 05 +27(3:) , (A.9)

where PL = %(1 + I'3) are projectors for gamma matrices in 2d.

B Gamma matrix relations and conventions

We first define some conventions for spinors in 24+1d. We will follow the standard ABJM
notation of [53], so that for worldvolume metric n** = diag(—1,+1,+1) with u =0, 1,2 one
uses Dirac matrices y# = (i0?, o', 03) satisfying y#+” = n* +e**v,. For completeness, the
fermionic indices, which we will denote with a hat to avoid confusion with other indices,
are raised and lowered as % = 6&50&5 and 0; = 6&508, with €2 = —e;p = 1, so that

e‘ibei)é = —5‘2. Note that lowering the spinor indices on the ~’s makes them symmetric
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7,/; s = (—1,—03,0'). In terms of notation that will mean that scalar fermion quantities
will imply an index contraction as per the ‘SW-NE’ rule 1% = 1) = 1)41)%.

It can be checked that if one lowers the indices on (6;)“ 3> one gets a symmetric matrix,
(6i)ap = (0i)ga. Then the same also applies for (Fa)aﬁ and (Fg)aﬁ, ie. Fa)ap = (Fa)ga
and (I's)ag = (I's) go- Then it can be easily shown that

(6:)°5 = (6:)5" = eape™ (5:)7 (B.1)
and thus also
(0)%5 = (02)p" - (B.2)
Similarly, one can also prove (using the reality condition for S) that
1\« —1\ «
(SJ,S ) 5= (SJ,S )/3 (B.3)
and hence
1\ o _1\ o
(SToS 1)016 = (ST.S l)ﬁa
(ST387)" 5 = (ST3871) ;" (B.4)

From the above it would seem that one does not need to remember the matrix (horizontal)

order in the indices, but that is not so since there is one exception:
(5[30{ = Gaalﬁﬁﬁl(salﬁ/ = —(SQB s (B5)

which means that

N N
GG =78 = 5 (Emm + 1o’ = 5 (@mOm 18, (B.6)
The following trace identities are also useful
Tr [5‘25'J] = 25ij
Tr [515]5-k] = _2€ijk
Tr (660101 = 2 (0ij0r + dudjn — didj1)
Tr [6:66,k010m] = —2i(0ij€kim + Oim€ijk + Oki€mij — OkmEiji) - (B.7)
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